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ZUSAMMENFASSUNG 

In der vorliegenden Arbeit werden die Methoden von Ditnensionaler Regular- 
isierung (DimReg) und Minimaler Subtraktion (MS) konsistent im Minkowsiki- 
Ortsraum formuliert, und in den Rahmen der perturbativen Algebraischen Quan- 
tenfeldtheorie (pAQFT) implementiert. Die entwickelten Kozepte werden be- 
nutzt, nm die Rekursion von Epstein und Glaser fiir die Konstruktion zeitge- 
ordneter Produkte in alien Ordnungen der kausalen Storungstheorie zu losen. 
Es wird eine geschlossene Losung in Form einer Waldformel a la Zimmermann 
angegeben. Eine Verbindung zu dem alternativen Zugang zur Renormierungs- 
theorie iiber Hopf-Algebren wird hergestellt. 



Abstract 

The present work contains a consistent formulation of the methods of dimen- 
sional regularization (DimReg) and minimal subtraction (MS) in Minkowski po- 
sition space. The methods are implemented into the framework of perturbative 
Algebraic Quantum Field Theory (pAQFT). The developed methods are used to 
solve the Epstein-Glaser recursion for the construction of time-ordered products 
in all orders of causal perturbation theory. A solution is given in terms of a forest 
formula in the sense of Zimmermarm. A relation to the alternative approach to 
renormalization theory using Hopf algebras is established. 
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Introduction 



Yet knowing how way leads on to way, 
I doubted if I shoidd ever come back. 

Robert Frost: The Road Not Taken 



In 1957 Bogoliubov and Parasiuk introduced an inductive method for the solu- 
tion of the renormalization problem of perturbative Quantum Field Theory, that is 
the problem of constructi ng the terms in the perturbative expansion of the scat- 
tering matrix («S-matrix) IBPSTL IBS59I1 . It was later shown by Hepp "that the 
subtraction rules of Bogoliubov an Parasiuk lead to well-defined renormalized 
Green's distributions" [Hep66]. From this common origin the method of Bogoli- 
ubov, Parasiuk, and Hepp (BPH) evolved mainly along two different roads. The 
BPHZ method induced by the solution of the BPH recursion in term s of Zim mer- 
mann's forest formula in momentum space on the one hand side llZun69n , and 
causal perturbation theory induced by Epstein and Glaser 's rigo rous solution of the 
renormalization problem in position space on the other /eGTs']. Both methods are 
rigorous incarnations of BPH, however, they have played quite different roles in 
the development of perturbative Quantum Field Theory (pQFT). 

Causal perturbation theory has proven to be superior to the so-called "stan- 
dard approach" to renormalization in momentum space when it comes to more 
conceptual questions of perturbative renormalization, and it is widely accepted as 
the l andmar k with which one has to test new approaches to renormalization (see, 
e.g., ipHSld]). What is more, Epstein-Glaser renormalization is the only renormal- 
ization metho d which has been successfully formulated on more general, physical 
backgrounds 

iBFOOalL 

Induced by the dey elopment of Quantum Field Theory on 
curved spacetimes iRad96 , 



BFK96, 



BFOOa j and along with the successful formu- 



lation of the renorm alization group in gener ic, globally hyperbolic spacetimes by 



Hollands and Wald IHWOI 



HW02, 



Brunetti, Diitsch, and Fredenhagen 



started a program on the structura l analysis of perturba t ive Qu antum Field Theory 
in the algebraic approach |DF99, DFOli 



DF03I. Iho104|,Bf04, BF04, 



DF07, 



BF07|| . One of the main results of this program was the precise formulation and 



proof of w hat P oprneau and Stora called the Main Theorem of Perturbative Renor- 
malization This is the fact that the definition of the 5-matrix of pQFT in- 
volves a freedom described by the Stiickelberg-Petermann renormalization group 



See also | BF09] for a selfcontained treatment of the topic. 
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I SP53ll . A milestone of the algebraic approach to perturbative Quantum Field The- 
ory was reached with the formulation of perturbative Algebraic Quantum Field The- 
ory (pAQFT), which has been shown to give a common basis to the different other 
incarnations of the renormalization group in literature llBDF09ll . 

Despite these deep results in perturbative renormalization, causal perturba- 
tion theory has its weak point when it comes to concrete predictions, say, for scat- 
tering amplitudes in collision processes of elementary particles. Here the stan- 
dard approach to pQFT in momentum space and in particular the method of di- 
mensional regularization (DimReg) and minimal subtraction (MS) I BG72ai[tHV72 1 
combined with Zimmermann's forest formula has proven to be efficient in its ap- 
plication and to produce predictions which are in astonishing accordance with 
measurements in accelerator experiments. The proof that DimReg +MS is com- 
patible with the combinatorics described by BPHZ was given in [BM77a , 



BMZZb 



BM77dl , and in particular the compatibility with gauge theories has contributed 
to the success of dimensional regularization in favor of ot her anal ytic renormal- 
ization techniques in elementary particles phenomenology iBRS75 l. A seemingly 
forgotten part of this road is that Zimmermann realized in 1970 and proved in 1975 
that the additional subtractions found in his formula in comparison to BPH do not 

i 



contribute in the limit where the regularization is removed ]Zim70 



Zim7i 



Jn recent years great interest in the mathematical community for the renor- 
malization method of DimReg+MS combined with BPHZ has been triggered by 
Kreimer's disco very of a Hopf algebra structure imderlyrng the BPHZ renormal- 
ization method |Kre98|| . Connes and Kreimer pointed out various relations of 
this discovery to fields of research i n pure mathematics , such as Number The- 
ory and Noncommutative Geometry jcK98 , CKOO , CK01 |. Consequently, by now 
the field has grown to a research area of considerable extent between the poles 
of more mathernaticall y oriented research in Algebraic Geometry and Number 
Theory BBEKOdlCMOTIl and applications in the computatio n of higher order coii 



tributions to the perturbative expansion of the «S-matrix JweiO6llBWO9l.lBW10ll . 



Shortly after Kreimer 's discovery Gracia-Bondia and Lazzarrni observed, and Pin- 
ter showed that also Epstein-Glas er renormalization exhib its a Hopf algebra struc- 
ture of the Connes-Kreimer type IgBLOO , PinOOa , PinOOb l. Thus the Hopf algebra 
structure was observed to be a remnant of the common origin of the two roads 
in perturbative Quantum Field Theory briefly outlined above. It was shown that 
the Hopf algebra structure of BPHZ renormalization is inv ariant imder certain 



partial summations of graphs in the perturbative expansion iB FOOb 



BFOl 



FraOZ 



vSOZaJ. Furthermore, many results on the occurrence of different Hopf algebras 
in perturbative QFT have been obtained in recent years and it was found t hat the 
Faa di Bruno Hopf algebra plays a distinguished role among them IfgbosIi . 



I want to thank Jose Gracia-Bondia for directing my attention to these references. See also reference 
iFHSldl in this respect. 
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The aim of this thesis is to "combine the good parts" of both roads to renormal- 
ization in perturbative Quantum Field Theory. That is, to incorporate the effective 
methods of dimensional regularization and minimal subtraction combined with 
Ziimnermann's forest formula in the conceptually clear setting of causal perturba- 
tion theory. After a brief introduction to the theory of extension of distributions, 
which is the main tool in modern formulations of causal perturbation theory, in the 
first chapter, 1 will describe the setting of perturbative Algebraic Quantum Field 
Theory in the special case of flat Minkowski spacetime in Chapter HIl Following 
the arguments in an appendix of the pAQFT article (loc. cit.) 1 will show in Chap- 
ter |lll] how one can use a modification of the Bessel parameter in a representation 
of the Wightman two point function in Minkowski space to construct a dimension- 
ally regularized analytic (Hadamard-) two point function in flat spacetime which 
depends smoothly on the mass parameter np-. As shown by Hollands, smooth 
mass d epende nce is a suitable requirement for a covariant treatment of renormal- 
ization iHoioi . In Chapter HVll will then construct the dimensionally regularized 
position space amplitude to any graph T in scalar quantum field theory as a distri- 
bution in ^^'(MI^('^)I ) (M denotes Minkowski spacetime and | V{I) \ the number of 
vertices of F). 1 have to remark here that Bollini and Giambiagi already gave a for- 
mulation of dimensional regularization in position space by Fourier transforming 
the regularized momentum space amplitude to position space and found a mod - 
ification in the Bessel parameter of the corresponding two point function iBG96ll . 
Conversely, a Fourier transformation of the amplitudes constructed in this work 
(which are different from the ones found by Bollini and Giambiagi) to momen- 
tum space is not possible in general, since the condition of smoothness in will 
select a propagator which is not in Schwartz space. As a result of this chapter, I 
define the position space dimensionally regularized S-matrix, «S^,^g, which fulfills 
the conditions of the main theorem of perturbative renormalization as proven in 
I DF04l,lBDF09tl . In Chapter FVl I will show how minimal subtraction can be applied 
to the dimensionally regularized position space amplitudes in a graph by graph 
manner, and will test the method by reproducing the result of Zimmermann that 
so-called "pure BPHZ subgraphs" do not contribu te to the forest formula in the 
limit where the regularization is removed izim76ll . The last chapter of my thesis 
will use <5j,^ as an example for an analytically regularized «S-matrix, but does not 
depend on the way it was constructed. In this sense, the results of the last chapter 
are independent of the formulation of dimensional regularization in position space 
summarized above, and consequently they can be applied in a much wider range. 
I will show in Chapter lVII of the present thesis that a forest formula for regularized 
Epstein-Glaser renormalization can be derived directly from the main theorem of 
perturbative renormalization. I will give the formula and prove locality of the MS 
counterterms. Furthermore I will show that the Hopf algebra structure observed 
in perturbative renormalization theory can be understood as a direct consequence 
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of the main theorem. However, in contrast to the Connes-Kreimer theory of renor- 
malization, the Feynman rules will emerge naturally from the construction, and it 
will be shown that the commutative Hopf algebra of graphs introduced by Connes 
and Kreimer is not enough for an algebraic construction of the counterterms found 
in pAQFT. Another difference to the original Hopf algebra approach is that the 
Hopf algebraic structure found in the construction of pAQFT counterterms will 
correspond to sums of graphs rather than individual ones, however, the corre- 
spondence to the Hopf algebra of graphs is es tablished by linearity; in accordance 



with the results of IBFOOUIBFOI 



lopt alge 
iBFOObi ll 



FraQZ, 



vS07all . 



hi order to be precise and prevent confusion, I want to remark that 1 mean by 
"regularization" in this thesis always parametric regularization, i.e., the introduc- 
tion or modification of a parameter, which makes the extensions of the regularized 
distributions unique. "Dimensional regularization" is one example. "Renormal- 
ization", on the other hand, I want to use as a synonym for the extension of dis- 
tributions, as it is widely used in the terms "Epstein-Glaser renormalization" or 
"BPHZ renormalization". Observe, however, that the extension of its time-ordered 
products is only a necessary but by no means sufficient prerequisite for a quantum 
field theory to be renormalizable by power counting. That is to say, we are not con- 
cerned with the number of counterterms that are to be introduced at each order of 
perturbation theory, but only with the fact that this number is finite. Neither will 
we treat the question whether the counterterms can be absorbed in a redefinition 
of the parameters in a Lagrangian of the theory. 

A last remark 1 want to make is that the extension of the time-ordered products 
to the total diagonal, which will be treated in some detail below and corresponds 
to the elimination of ultraviolet (UV) divergences in the standard approach, suf- 
fices for the perturbative definition of the quantum field theory under investiga - 
tion in the algebraic adiabatic limit. This was shown in jBFOOa , DFOlb , HW03 I. 



The algebraic adiabatic limit is a way to remove the explicit spacetime dependence 
of the interaction without introducing so-called infrared (IR) divergences. IR di- 
vergences typically appear in the standard approach if one removes the cutoff at 
small momenta (or large distances) in theories with long range interactions. Such 
divergences appear also in the causal approach of Epstein and Glaser in the strong 
and in the weak adiabatic limit. Neither strong nor weak adiabatic limit will be 
treated in this thesis, and as much as the alge braic ad iabatic limit is concerned I 
cannot add anything new to the discussion in IBDF09I, Chap. 6]. 



CHAPTER I 



Mathematical Preliminaries: 
Extension of Distributions 

The main tool in renormalization in position space is the extension of distri- 
butions, thus we want to summarize here the basic definitions and main results 
of this part of distribution theory. We will first give the general result on the exis- 
tence of extensions of distributions with the same scaling degree and will indicate 
how such extensions are constructed. In the second section we will review the 
special case of homogeneous distributions; homogeneity being a suitable condi- 
tion for the existence of a unique extension. We will generalize the uniqueness 
result on homogeneous extensions to the case of heterogeneous distributions in 
the third section. The fourth section will be devoted to the definition of an (ana- 
lytic) regularization of a distribution. We will derive some direct consequences to 
be used in later chapters. A general reference for this chapter, and a gui dance fo r 
mathematical questions throughout the thesis is the book of Hormander iHorOsll . 

We generally use the notation of Laurent Schwartz for the function spaces, 
S'(R'^) = C^iW^) of smooth functions, and ^{W^) = C^iW^) of smooth functions 
with compact support (test functions) with their respective standard topologies; 
and <^', respectively & for their dual spaces. 



I.l. Extensions and Steinmann Scaling Degree 

Definition I.l (Extension). Let u e {0}) be a distribution defined for all 

test functions supported in the complement of the origin. We call li e i^'(R'') an 
extension of u, if 

(I.l) V/ 6 {0}) : u(f) = u{f) . 

Not every distribution u e ^(]R''\ {0}) has an extension, and if there is one 
it is not unique. However, by (II.l|l two extensions of u differ by a distribution 
supported at the origin. By [H6r03, Thm. 2.3.4] any distribution supported at the 
origin is a polynomial in the derivatives of Dirac's ^-distribution. We call such 
distributions local and denote the space of all local distributions by ^^oirac- 
to restrict the freedom in the extension p rocedure is to require that the extension 



should have the same scaling degree, cf. ISte7lllBF00all . 
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I. MATHEMATICAL PRELIMINARIES: EXTENSION OF DISTRIBUTIONS 



Definition 1.2 (Steinmann Scaling Degree). Let 

A : IR+ X ^ ^ ^ 
(1-2) , 

be the action of the positive reals on test functions in ^ e 

This induces, via the pullback, the action on distributions. For u & & we define 

V^e^: Up{(p) := u{(pP) . 

The scaling degree sd{u) of a distribution u with respect to the origin is defined to 
be 

sd(M) := inf i a; 6 IR : lim p'^Up = e ^' i . 

Example 1.3. Dirac's ^-distribution has scaling degree sd(^) = d, since 

lim p"{S,(pP) = lim p"-'^cp{0). 
p— >0+ p— >0+ 

Furthermore, a similar argument shows that any smooth function has scaling 
degree smaller than or equal to zero. The basic properties of the scaling degree are 
summarized in the following 

Lemma L4 (cf. jBFOOal, Lem. 5.1]). Let u e v e and let OL^Whea 

multiindex, then 

(a) sd{d'^u) ^ sd(M) + |a| 

(b) sd(x*M) ^ sd(M) - |a| 

(c) V/ 6 ^(M'*) : sd(/u) ^ sd(M) 

(d) sd{u®v) = sd{u) +sd{v) 

For later reference we also define the related concept of degree of divergence 
of a distribution. 

Definition 1.5 (Degree of Divergence). Let u e 3' e |^'{R''), ^'(R''\ {0})|, then 
we define the degree of divergence of u 

div(M) := sd(M) — d . 

Observe that the scaling degree of a product of distributions ii, v e Si'{pj^), if 
it exists, is given by the scaling degree of the tensor product m ® c e !^'(R^'^), 

sd{uv) = sd{u 0v) , 

whereas the degree of divergence of the product is greater 

div{uv) = div(u ^v) + d . 

Although this observation follows directly from Lemma Ol d) the following theo- 
rem shows that it reflects the freedom involved in the definition of the product of 
distributions. Recall that, if it exists, the pointwise product uv e ^'(IR'') is defined 



I.l. EXTENSIONS AND STEINMANN SCALING DEGREE 
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as the pullback of u ® e via the diagonal map 

diag :TR'^ 3 X ^ {x,x) e U^"^ , 



cf. llHor03l Thm. 8.2.10]). One often encounters the situation, that the pullback 
uv = diag* (u ® v) defines the product only in the complement of the origin, even 
if u,v e ^'(R'*). This is the case, e.g., in perturbative renormalization theory and 
hence one is naturally lead t o the problem of finding extensions of certain (prod- 



ucts of) distributions IIBPSTIl . This lead Epstei n and G laser to their constructive 



extension procedure by "distribution splitting The mathematically quite 



involved inductive procedure carried out by Epstein and Glaser may be called the 
first rigorous construction of extensions of distributions in position space. It was 
Steinmann who introduced the concept of scaling degree i n the d iscussion related 
to the construction of extensions of certain distributions iste71 l. There are later 



works contribu ting to t his topic, such as iEst98a l, and it is treated by now in sev- 



eral text books lHor03ll , however, the most general result known to the a uthor is 



the theorem to be cited below. It was to my best knowledge first proven in IBFOOa , 
Thms. 5.2 & 5.3]. 

Theorem 1.6 (Extension of Distributions). Let u e ^'(R''\ {0}) have scaling degree 
sd{u) with respect to the origin. Let 

• sd{u) < d. Then there exists a unique extension ii e ^'(R**) ofu, which has 
the same scaling degree, sd{u) = sd(M). 

• d ^ sd(u) < 00. Then there exist several extensions ii e ^'(R**) with sd(w) = 
sd(M). They are uniquely defined by their values on a finite set of test functions. 

For completeness we remark that u has no extension, if sd(M) = oo, the dis- 
tribution f 1-^ J dxe^f{x) is a standard example of this case. Furthermore we 
remark that the scaling degree of the extension ii cannot be smaller than that of u. 
Thus the condition that ii should have the same scaling degree as m is a condition 
of minimal scaling degree or "maximal smoothness" at the origin. 



Sketch of Proof of Thm. [L6j Let first sd(M) < d. Uniqueness follows im- 
mediately from the fact that two extensions u, ii e ^'(R"*) differ by a polynomial 
P{S) in derivatives of Dirac's (5-distribution, which has scaling degree sd(P((5)) ^ 
d, cf. Lemma Ol' a). 

Let 1? e (R''), ^ !? ^ 1, such that !9(x) = for |x| < 1 and !?(x) = 1 for 
\x\ ^ 2 and set dp{x) = ^{px), then 

(1.3) M := lim !?nU 

converges in ^'(R**), i.e., 

e ^(R"*) : ^lirn^ (u, dpg) e C , 



and li defines an extension of u with the same scaling degree, cf. iBFOOall . 



14 



I. MATHEMATICAL PRELIMINARIES: EXTENSION OF DISTRIBUTIONS 



Now regard the case d ^ sd(M) < oo. We define the space (IR'^) of functions, 
which vanish up to order A > at the origin, 

(1.4) ^a(]R'') = {/ e ^(]R'')| V |a| ^ A : (57) (0) = o} . 

Then u is uniquely defined on functions, which vanish up to the order given by the 
degree of divergence of «, i.e., u has a unique extension u e ^^(IR''), A = div(M), 
with the same scaling degree. Any function f e ^\ (W^) can be written in the form 

(1.5) f{x)= ^ x'^g.ix), g.e&iK''), 

|a| = [AJ+l 

where [AJ denotes Gaufi's floor fimction, i.e., the largest integer smaller or equal 
A. We define u by 

(«,/):= Y: {i^'^Y'S^)' 

where the extensions {x"'u)' on the right hand side are unique by Lemma Ol bl 
and the first part of the theorem. They can be computed as weak limits of the form 
( II.3K and thus the limit exist for each term separately. We have 

y lim {x''u,i^pga) = lim {u,dpf) , 

|a| = [Aj+l^ 

which shows that the extens ion il does not depend on the chosen representation 
(Ull of / e cf. PFqI. 

Regard now the ambiguity left in the extension to ^ = ^(IR''). <^ ^ is a 
closed subspace, hence there are projections W : & ^ one for each choice of 
the complement ^ , 

^ = Qx®'^ . 

where Qi^ = ran(W) and = ran(l — W). This split of_^ induces a split of the 
dual space 3i' according to the following diagram, cf. iDS67l, Lem. VI. 3. 3], 

i-w w 

(1.6) ^ 9 ^ i^A 

t 



I l-W ' W' 



where 



and 



{we^'l V/ 6 :(«,/>= 0}, 



:= {v & Vge'T : =0}. 
The dual projections are induced by 

Vm 6 V/ 6 ^ : (W'm,/) := (m, W/) . 

Any dual basis e 3) : {5^f^),w^'^ = 6^ of the basis j^f'*) : |a| ^ a| of 
spans a complement = & Q S^x and thus defines a projection W. As a conse- 
quence we have the following characterization of projections W : ^ ^a- 



1.2. HOMOGENEOUS DISTRIBUTIONS IS 

Lemma 1.7 (cf. IDF04 Lem. B.l]). There is a one-to-one correspondence between families 
of functions 

(1.7) [wcce&\ V |,6| ^ A : [df^Wc^j (0) = st |a| ^ a} 

and projections V\[ : Si ^ The set WJ\ defines a projection W by 

Conversely a set of functions of the form ( [I.7P is given by any basis of'^S' = ran(l — W) 



dual to thebasis : |a| ^ a| ofS^ 



We reach the conclusion that for each projection W : S ^ Si\ there is a unique 
extension Wm e of u e ^'(R''\ {0}). The most general extension u of u, 
fulfilling the assumptions of the theorem, can be read off from the split of & | |L6t , 

(1.8) ii = W'fi+ E C^^'"^, 

where e C are free constants. Observe, however, that a particular extension is 
fixed by a choice of its values on , namely {u,zva) = Ca. □ 

Although ||L8) gives the most general extension of u with the same scaling 
degree, it is important to note that the second term in 1 II.8I 1 does not introduce an 
additional freedom, but only reflects the freedom in the choice of the projection W. 

Lemma L8 (cf. iDF04 , Lem. B.2]). Let ii e ^'(IR'') be an extension ofu e ^'(]R'*\ {0}) 
zvith div(M) = div(M) = A. Then there exists a complementary space ^ of S^ in 3) such 
that 

u\^ = 0, 

i.e., Q = in 

That is, any extension m of m can be written as a ]N -extension, u = W'u with a 
suitably chosen projection W. 

Despite its wide applicability (sd(M) is defined for any u e S'), the scaling 
degree is often too rough a tool for describing the behavior of distributions at the 
origin. A refinement of the notion of scaling degree is the degree of homogeneity 
defined only for homogeneous distributions. We will see in the next section that 
this refinement leads to a stronger result regarding the imiqueness of extensions. 

L2. Homogeneous Distributions 

Definition L9 (Homogeneous Distribution, cf . iHorOsl. Def. 3.2.2]). A distribution 
ue S' e ^S'{W^), ^'(]R'*\ {0})| is called homogeneous of degree D e C, if 

(1.9) yp>0: {u,cp) = p-" {up,(p) V^e^, 

where {up,(p) := {u,(pP) with (pP{x) := p^'^(p(p^^x) as in (|L2)| . We will sometimes 
write D = homog(M) for the homogeneity degree of a distribution u. 
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Remark 1. 10. Observe that a distribution u, homogeneous of degree D e C, has 
scaling degree sd(M) = — Re(D), 

sd(w) = inf (a; e R : lim p"^ {u,(pP) = lim p'^+Re(D)p<im(D) = qI = -Re(D) . 

In this sense the homogeneity degree "homog" is a refinement of the scaling de- 
gree "sd", and Consequently we will get a stronger statement for the extendability 
of homogeneous distributions in Theorem II. 12l below. However, before citing this 
result, let us regard an alternative characterization of homogeneity. 

Theorem I.ll (Euler). A distribution u e ^' e |^'(R'^), ^'(]R'*\ {0})| is homoge- 
neous of degree D e C if and only if 

(LIO) {{x-dx-D)u,(p) =0 \/(pe&, 

where x ■ dx = Yi=i denotes the radial vector field or "Euler operator". 

Proof. By ||L9) we infer that 

{pdp) {up,(p) = {pdp) {u,(p) =0. 
Computing the derivative gives: 

pdp [p-^ {up,(p)'^ = -Dp-^{up,(p) +p-^ {{x-dr)up,(p) 
= p-^ {{x-dx-D)up,(p) , 
hence, evaluating at p = 1 gives I II.lOl l. Conversely let ^(p) := {u,(pP), then 
pcp'{p) = pdp (u{x),p-'^(p{p-^x)'^ 

= -d{u,cpP)-{u{x),{x-dx)<pP{x)) 

= -d {u,cpP) +d{u,f) + {{x- dx) u{x),cpP{x)) 

= D{u,(pP) = Dfip) 

Hence we have the differential equation 

f'ip) D 
fip) P 

which is solved by (p{p) = Cp^, i.e., C = ^(1). This means 

{up,4>) = p^ {u,(p) . □ 
Observe that w is a (weak) eigenvector oi x ■ dx to the (weak) eigenvalue D. 

Theorem 1.12 (cf. jHorod, Thm. 3.2.3]). Let u e {0}) scale homogeneously of 

degree D e C and let —D ^ No + d, then u has a unique extension u e ^^'{W^) which is 
homogeneous of degree D. The map 

{0}) 3u^ue 

is continuous. 
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A proof of the theorem can be found in the book of Hormander. Observe, 
however, that the existence of a (not necessarily homogeneous) extension already 
follows from Theorem 11.61 And if there is a homogeneous extension the unique- 
ness follows from the proof of the same theorem and the fact that the deriva- 
tives of Dirac's ^-distribution have integer scaling degree greater or equal d. Ob- 
serve that any homogeneous extension u e of a homogeneous distribution 
u 6 ^(]R''\ {0}) in particular has the same scaling degree, sd(M) = sd(M) by Re- 
mark |L10l Thus Theorem 11.121 really is a refinement of the previous result (Theo- 
rem |I.6t for the special case of homogeneous distributions. 

1.3. Heterogeneous Distributions 

A straight forward generalization of Theorem lI.12l to the case when the distri- 
bution is not homogeneous, but is given as a finite sum of homogeneous parts will 
be important for the construction of the dimensionally regularized amplitude in 
Section|lV2l 

Definition 1.13 (Heterogeneous Distribution). A distribution w e ^' is called het- 
erogeneous of order k e'N and multidegree « = {oci, . . . , aj-} {i ¥^ j ^ a,- # aj), if 

k 

{111) n (^-^^ = 0- 

Lemma 1.14. Heterogeneous distributions of finite order have a unique decomposition 
into their homogeneous components. 

Proof. Let u be a heterogeneous distribution of order k and multidegree a = 
{ai, . . . , ttjt}, i.e., u fulfills l|Lll) l. Then 

projects u onto the eigenspace of x ■ dx to eigenvalue a,, since {x ■ dx — a/) f/w = 
by assumption (|I.llb , and 

, ^ X ■ dx — a.j ^ a.i — DCj 

pfu = rr — 1 — Lp^u = rr ^ — ip^u = p,u . 

Thus Uj := PiU is homogeneous of degree a„ and u can be uniquely decomposed 
into eigenvectors of x ■ dx, 

k 

U = Y^Ui. □ 

Corollary L15 (Ext. of Heterogeneous Distributions). Let u e i^'(]R''\ {0}) be a 
heterogeneous distribution of multidegree oc = {a^, . . Let furthermore 

-oij eC\No Vje {!,..., k}. 

Then u has a unique heterogeneous extension u e of the same multidegree. 
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Proof. Uniqueness. Let w e be a second extension of u, then ii differs 

from M by a distribution supported at {0}, 

\a\ 

However, any term in the sum on the right hand side has integer degree of ho- 
mogeneity smaller or equal to —d. Hence the sum in the above expression is not 
annihilated by H^Li ' (^x — with —aj ^ Nq, whereas u is annihilated by as- 
sumption. Thus ii is not annihilated by 11^=1 ■ & — a.j) and hence is not hetero- 
geneous of multidegree a = {oci, . . ., aj-}. 

Existence. By Lemma [1 . 1 4 1 above , u has a imique decomposition into homoge- 
neous parts, Uj 6 ^'(]R''\ {0}), each of which has a unique homogeneous extension 
Uj by Theorem lL12l Hence 

k 

u = J2ui 

1=1 

is an extension of u which is heterogeneous of order k and multidegree a. □ 

If the eigenvalues in the product O.lHl coincide, a, = a e {1, . . . , k}, we get 
to the notion of almost homogeneous distributions, which are homogeneous up to a 
polynomial of order A; — 1 in ln(p), where p > is the scaling parameter. H ollands 



and Wald proved a uniqu eness result for the extension also in this case iHW02 , 



Lem. 4.1], see also iDF04 , Prop. 3.3]. However, the distributions we will analyze 



in this work are at most heterogeneous of finite order, and thus we will not need 
the lemma of Hollands and Wald. This is due to the fact that we regard only 
regularized distributions, a concept to be defined in the next section. We want to 
remark, however, that in the limit where the regularization is removed we wiU get 
back almost homogeneous distributions in the generic case. 

1.4. Regularization of Distributions 

Definition 1.16 (Regularization). Let u e ^'(]R''\ {0}) be a distribution with de- 
gree of divergence div(M) = A. Let m e S>'^(R!^) be the unique extension of u with 
the same degree of divergence. A family {w^}^£n\|o} of distributions u^ e S^'^R!^), 
where O <z C is a neighborhood of the origin, is called a regularization ofu, if 



(L12) Vg 6 ^a(]R') : lim [u^gj = {u,g) . 

The regularization {u^} is called analytic, if for any function / e ^(R^) the map 
(1.13) ^-^U,f] 



is analytic for ^ e Ci\ {0}, possibly with a pole of finite order at the origin, i.e., 
(|1.131 is a meromorphic function. We speak of a finite regularization, if 

V/e^(R''): lirn (^u^,f^ eC, 
in this case lim^_>o u^ g f?'(]R'') is a renormalization, or extension of u. 
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Given a regularization { } of m we have for all / e and any projection 

W :S> that 



(1.14) 



{u,Wf) =lirn(^u^,Wfj . 



According to Lemma |L7| for any W-projection there exists a family of functions 

{iWffi 6 ^ : (^dpiUix){0) = S^p] such that 

W = l- J2 {-if^iOccS^'l 
and since e ^'(M'') we can write (|I.14|l as 



(L15) 



{u, Wf) = lim 

?->0 



\a\<A 



In the generic case the limit on the right hand side cannot be split, since the lim- 
its of the individual terms might not exist. However, if {tfi : ^ e n\ {0}} is an 
analytic regularization, the individual terms can be expanded in Laurent series 
around ^ = 0, and since the overall limit is finite the principal parts (pp) of these 
Laurent series have to coincide. 



V/6 



PP(m^,/ 



PP 



We conclude that the principal part of any analytic regularization {u^} is a poly- 
nomial in derivatives of Dirac's i5-distribution up to order A = div(M), 

pp(wf) = 



(1.16) 



\a\ s;div(i() 



where we set CaiQ = pp {u^,Wa). That is, pp(M^) is local for all ^ e Cl\ {0} and 
vanishes if div(M) < 0. The fact that the principal part of an analytic regularization 
is a local distribution will be crucial for the discussion in Chapter|Vl]of the present 
thesis. In particular this implies that we can fix an extension Mms ^ oi u by 
setting 



(1.17) 



(wMS,/> := lim [("^./) -PP(("^// 



This way of choosing a renormalization of u is called minimal subtraction (MS). By 
construction ums has the same scaling degree as u, and thus minimal subtraction 
can be implemented as a W-extension, cf. Lemma |L8] We choose a projection 

: & ^ S^, A = div(M), 

which fulfills 

(L18) V/ei^: (wms,/) = ("^W^S/^ . 

Let us regard this projection for finite ^ e d\ {0}. The regular part of {u^,f) is 
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given by 

(rp(M^),/) = /w?-pp(/), E ^W^HO)) 

\ |fl;| :$div(u) / 

= (w?,wMV)+ E (rp(M^),ii^r)/"'(0), 

since pp (u^, W^^f") = by l|I.12|l . The first term on the right hand side, as well as 
the left hand side of this equation tend to (umS//) as ^ ^ 0, cf. p.l7|l / l |I.18|l , 



(1.19) lim (rp(«^),/) = hm[u^,W^^f) = {uusj) ■ 

Hence the sum on the right hand side has to vanish in this limit. Since it is the 
regular part of some Laurent series we infer that it is at least of order one in ^, 

(1.20) e n\ {0} : U{u^),f) = U, W^^) + 0(0 . 



Hence for finite regularization parameter, ^ e n\ {0}, minimal subtraction can 
be expressed as a W-projection up to a contribution which vanishes identically in 
the limit ^ ^ 0. This fact will become important in the discussion of minimal 
subtraction on the level of graph amplitudes in Chapter|V]and in particular for the 
proof of Proposition lV.4l 

The coefficients Cce{Q in (11.161 1 are called counterterms. They are local in the 
sense that they are the coefficients of a local distribution. In particular they do 
not depend on the chosen W-projection. The Ca {Q are often referred to as infinite 
counterterms, since they do not possess a limit as ^ ^ and the way of intro- 
ducing them by splitt ing the W-projection before taking the limit in dl.lSI I was also 



discussed in |KTV96|] 



In Fourier space the Ca(^) are the coefficients of a polynomial in (external) 
momenta p, 

s{ E Q(o^W)(p)= E -^c^iOpr 

In this sense the counterterms are invariant under Fourier transform and thus pro- 
vide a basis on which one can compare the position space approach to dimensional 
regularization and minimal subtraction (DimReg^ -I- MS), to be discussed in the 
present work, with the standard approach in momentum space. 



CHAPTER II 



The Setting of 
Perturbative Algebraic Quantum Field Theory 

We want to analyze the methods of analytic regularization (in particular di- 
mensional regularization) and minimal subtraction, introduced on the level of 
distributions in the previous chapter, in the algebraic approach to perturbative 
Quantum Field Theory. More specifically, we will use the framework of perturba- 



tive Algebraic Quantum Field Theory (pAQFT) [BDF09l| . Although the methods of 
pAQFT apply in a much more general framework we want to restrict ourselves 
in the present work to the case of d-dimensional Minkowski spacetime. The aim 
of this chapter is to introduce the main concepts and the basic constructions of 
pAQFT, which will be used in the main part of this work. 



II.l. Classical Field Theory and Deformation Quantization 

In 1990 Dito showe d how the formalism of deformation quantization can be 
applied to field theory ||Dit90(]. He constructed the algebra of the free scalar field 
without reference to an underlying Hilbert space. In his work he used the ear- 
lier analysis of the deformation of algebras by Bayen, Flato, Fronsdal, Lichnerow- 
icz, and Sternheimer j^FP+T^. Dito also related his approach to the (despite 
its mathematical problems) widely known and used Feynman path integral ap- 
proach to quantum field theory. The work of Brunetti, Diitsch, and Fredenhagen 



I DFOlHlDFOla . 



DF03 



DF04, 



BF07 



BDF09|] showed that the star product approach 



of Dito can be extended to a purely algebraic formulation of perturbative Quan- 
tum Field Theory (pQFT) in general and perturbative renormalization theory in 
particular. To give a motivation for the deformation view point in field theory, we 
briefly review in this first section the structure of the algebra of classical field the- 
ory and define its Foisson structure. The construction of the algebra of observables 
of pQFT will then be carried out in full detail in the next section for the case of flat 
Minkowski spacetime. 

Let M denote the rf-dimensional Minkowski spacetime with metric tensor tj = 
(1, —1, . . ., —1) on the diagonal. Timelike (spacelike) vectors fulfill > (x^ < 0) 
and the set of all timelike vectors is called the open lightcone V = V~^(jV^. It is 
the disjoint union of two connected components, which we refer to as the forward 
and backward lightcones, V- = {x6M|x^ >0, > O}. We denote by and 
dV- the closure and boundary of these sets, respectively. 
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The configuration space of classical field theory is the space of smooth func- 
tions 

cp -.M^C, cpeS'iM), 
and the observables are (not necessarily linear) fxmctionals on this space. 

Definition II.l (Smooth Functional). A ftmctional 

F: <^(M) ^ C 

cp ^ F{(p), 

is called smooth, if for any cp e <f (M) and for all « e N its nth functional derivative. 



f W(<p),/il ® . . . ® /z„) := -^^-^!-^J{cp + £ \,hi) 



exists as a S5mimetric distribution with compact support, F^"\cp) e S''{TM"). Oc- 
casionally we will write F(")((j?) = The triangular brackets denote the dual 
pairing (of ^'(M") with ^(M") here). We denote the space of smooth functionals 
by J'(M). 

Definition II.2 (Support of a Fimctional). Let F e J^(M), then we define the sup- 
port of F implicitly by the equivalence, h e ^(M), 

supp(F) n supp(/z) = ^ ycpe S'{M) : F{f + h) = F{f) . 

Smooth functionals form a (commutative) algebra, ^J-'(M), , with respect to 
the pointwise product, VF, G e P{M), Mcp e S{M), 

{F-G) (<p):=F(<p)G(<p). 

Typical examples of such fxmctionals are, 

(n.l) (i) F{cp) = J f{x)cp{xfdx , (ii) G{(p) = Jg{x)[d(p{xfdx, 

or (iii) K{(p) = J k{x,y) (p{x) (p{y) dx dy , 

where f,ge ^(M), k e ^(M^) are test functions of compact support, and the 
integral is taken over the whole spacetime M, or over M^, respectively. The field 
itself is represented as a linear evaluation functional, V/ e ^(M), 



(p^(p{f) = J f{x)(p{x)dx. 



It is not possible (in the framework presented here) to deform the whole al- 
gebra of smooth functionals ^J-'(M), . However, we can restrict ourselves to 
a suitably chosen subalgebra of functionals J-'(M) a J^(M), which will have a 
quantized counterpart in deformation quantization. This "deformable algebra" is 
defined by imposing conditions on the wave front set of the functional derivatives 
F(")(^) 6 <r'(M"), F 6 PiM). The wave front set of a distribution u e ^'(M"), 
roughly speaking, is a conic subset of the cotangent bundle WF(m) c T*(M") = 
T* (M")\ {0}, where the first component gives the singular support, singsupp(M), 
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and the second gives the directions in which the Fourier transform ^{u) does not 
decrease rapidly. The precise definition of this mathematical tool, as well as the 
large number of deep implications of the wa ve fron t set properties of distributions 
can be found in the book of Hormander, cf. I H6r03l Def . 8.1.21. 



Definition II.3 (Deformable Algebra). A smooth functional F e J^(M) is an el- 
ement of the deformable algebra (J^(M), ■), if for all n e N the wave front set of 
F(") {q>) does not meet the n-fold product of the closed forward or backward light 
cone. 



WF(F(")(^)) n (supp(F(")(^)) 



0. 



We refer to elements of the deformable algebra as deformable functionals. 



Since WF(m) c r*(M"), the forward and backward lightcone are here to be 
understood as subsets of the cotangent space, V+ ,V- c r;(M"). 

The deformable algebra [J-(M), •) can be made into a Poisson algebra by using 
the Peierls bracket IDF03] . The Poisson structure is defined by 

(11.2) Lf.Gl{<p):=z(F(i)(<p),A*GW(<p)) . 

where * denotes convolution, and A is defined as the difference of the unique 
retarded and advan ced fun damental solutions Aret, A^jy G f^'(M) of the Klein- 
Gordon operator, cf. jpFOS , Eq. (28)]. Regard these fundamental solutions in more 
detail, we have 



□ + m-^ ) A ret =S, with SUpp(A ret ) = 

' adv adv 

A := (Aret-A^dv) . 

We also define the corresponding "causal two point function" or "commutator 
function", 

V/,gef^(M): A(/,g):=(/,A*^), 

and it should be clear from the context, which of the two interpretations of the 
symbol A is to be understood. The wave-front set of the commutator function is 
given by 

(11.3) WF(A) = {(x,y,A:,-fc) e t*(M2)| (x-y)^ =0, fc||(x-y), fc^ = o} . 
And by jH6r03 , Thm. 8.2.10] the pointwise product of the distributions in 

[F,G] = /A(x,y) •F(^'(x)G(^'(y)dxrfy, F, G e J'(M) , 



is well-defined, if the covectors in the second component cannot add up to zero. 
The wave front set of the tensor power ( F^^^ ® G^^) ) (^) 6 S'{%J^) is given by. 



24 



II. SETTING OF PAQFT 



cf. iHorOl Thm. 8.2.9], 

wf(f(^) ® g(^)) c wf(f(i') X wf(g(i') 

u {[supp(F) X {0}] X WF(g(^))} 

u {wF(F(1)) X [supp(G) X {0}]} , 

and by comparing this with | |II.3| | we see that the covectors cannot add up to zero, 
if F, G e J'(M). For {x,y,k^,ky) e WF(A) we clearly have {kx,ky) e V x V , and 
since kf,kg ^ V for {x,kf) e WF(F(1)(^)) and {y,kg) e WF(G(^)(^)) neither one of 
the equations 

kx + kf =0 or ky +kg = 

has a solution. By a similar argument we also have [F, G] e J-(M) in that case. It 
was proven that, besides linearity, antisymmetry and the Leibniz rule, the bracket 
[■, ■] fulfil ls als o the Jacobi identity, and thus defines a genuine Poisson structure 
on ^'{M) IdFOsIi . As was discussed there a (formal) quantization of ( J^(M), [■,•],•) 
can be understood as a map 

(.F(M),L-,-^-)-(-^(M)P]], [v 

to a non-commutative, associative algebra, such that 

(II.4) p^G^^F-G and ^ [F,G]^ [F,^] . 

In particular we have for the field itself 

(n.5) W{flfig)]. = mf,g)- 

The product ★ of the quantized algebra is not to be confused with the notation * 
for convolution. 



II.2. The Algebra of Observables 



As the name suggests the subalgebra (J-'(M), ■) can be deformed to give the 
algebra of perturbative Quantum Field Theo ry. To c onstruct this algebra, let H e 
^'(M) be a Hadamard distribution. That is, cf. iRad96ll , H is a (weak) solution of the 
Klein Gordon equation 



(11.6) [n + m^jH = 

and the corresponding two point distribution, defined by 
(n.7) H(/,^):=(/,H*^), 
satisfies the causality condition 

(11.8) V/,g 6 ^(M) : Hif,g) - H(g,f) = fA(/,g) 
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and has the "positive frequency" - or Hadamard wave front set 

WF(H) = |(x,y,A:,-fc) e f*{M^)\iix # y : {x-yf = 0, k\\{x-y), fc° > 0; 

(11.9) iix=y: fc2 = 0, fcO > I . 

One example of such a Hadamard distribution is the Wightman function A+, i.e. 
the positive frequency part of the commutator fimction iA, A+ = + Aj. How- 
ever, any other distribution H, which differs from A_|_ by a smooth, symmetric, 
Lorentz invariant solution of the Klein-Gordon equation will also fulfill the defin- 
ing equations llll.6t , (|II.8| l, and llll.9l l, and thus be a valid Hadamard function for 
the construction below. The algebraic properties are completely independent of 
this choice, the analytic properties, however, will change significantly for differ- 
ent choices of H. A Hadamard solution, especially well-suited for our purposes, 
will be constructed explicitly in Chapterlllll Equation (|II.8l l fixes the antisymmetric 
part of H to be ^ A, which implies that the Poisson structure l lll.2t can be induced 
by the bidiff erential operator 

/■ A A 

(11.10) Th:= dxdyH{x,y)——®■ 



3(p{x) cpiy) 
in the following sense 

[F,G] = MoTh{F®G-G(®F) . 

By means of this differential operator a formal quantization of the Poisson algebra 
(J-'(M), •] , •) can be given in form of the following 

Proposition II.4 (Deformed Algebra). Let J^(M)[[fi]] be the space of formal power se- 
ries in h with coefficients in the deformable algebra J^(M) and regard F,G e J^(M)[[?ii]]. 
Then 
(11.11) 

exp(hTij) 

J-(M)P]]®2 ^J^immr^ h^ , ^, 

/ F*G:=Y,\-If^''\h®^G^^^ 

:F{M)m] 

defines a (non-commutative) associative product on J^(M)[[?i]] which fidfills the quanti- 
zation condition (III.4P . We call {F{M)[[h]\, ★) the algebra ofpQFT. 

Proof. First we want to argue that F * G is well-defined for any pair F, G e 
J-'(M)[[^]]. The kernel representation of the fcth term of (|II.ll|l is given by 

, . k 
F«,H®'^G«) = / dxdyF^''\x\...,x^) YlH{x',y') G'^''\y\ . . . ,y'') . 

The wave front set of H®*^ is given by, cf. iHor03 , Thm. 8.2.9], 

WF(H®'^)<= y y cr|wF(H)' X [supp(H) X {0}]^} , 

crePerm(/f) i+j^k 
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where Perm(A:) denotes the symmetric group in k variables. Hence all covectors 
in the x-components, k^i, are elements of the closed forward lightcone y+, cf. 
(|11.9l l, and equivalently for the y-components we have Vz: k^i e V~. Using |H6r03 , 
Thm. 8.2.10] we conclude that the pointwise product of distributions above is well- 
defined, if 

WF(fW) n (V^) = = WF(G(*^)) n (v+) , 

which is automatically fulfilled for f , G e J^(M)[[?i!]]. 

Associativity of * follows directly from the associativity of the pointwise prod- 
uct AdjT® G) = F ■ G and the form of (|II.lHl . The detailed argument can be foimd 
in iwal07 , Sec. 6.1 A]; it is summarized in the following. Let 

rj]'^' {A®B®C):= (h, a(1' ®B® c(^' 

and 

rg'^' {A®B®C) := A®Iu{'B®C) 
Then the Leibniz rule in the second argument implies 

and analogously 



Th o [id ®M] = [id ®M\o (rg'^' + rj]'^^ 



Th o [M ® id] = [M® id] o (rg'^^ + rg 



(2,3) 



These formulas generalize to the exponential of the bidifferential operators Yh and 
rg'^' by linearity of the tensor product. Hence for the star product one gets 

A*(B*C) = Moe^^H o Ud®Moe^^A {A®B®C) 



= Mo e^^» o (id ®M)o e^^H^^ (A®B®C) 

(1,2) (1,3) (2,3) N 

= Mo(id®M)oe"l'H ) {A®B®C) 

(1,2) (1,3) (2,3)\ 

= Mo{M®id)oe'vn J {A®B®C) 

= {A*B)*C 

by associativity of the pointwise product M. □ 

An especially important subclass of ( J^(M)[[?i]], ★) for the description of inter- 
actions in QFT is the class of local functionals. 

Definition II.5 (Local Functional). Let Diag(M") = {x e M" : xi = • • • = x„} de- 
note the thin diagonal in M". A functional f e J^(M) is called local, if for all 
n 6 N: 

[LF-1] the nth order functional derivative is supported on the thin diagonal, 
Vn 6 N : supp(F(")(^))) c Diag(M"), 

and 
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[LF-2] the wave front set of the nth order functional derivative Hes transversal 
to the thin diagonal, 

Vm e N : WF(F"(^)) c [rDiag(M")]-^ . 

We denote the space of local functionals by J-i^^^CM). 



The first two functionals in are examples of local functionals, the third is 
not local. Observe that 



[rDiag(M")]-^ n (M" X 



n 



V+] u V 



0, 



and hence the wave front set condition for local functionals |[LF-2]| implies the 
wave front set condition of Definition |IL3| local functionals are deformable. How- 
ever, they do not form a subalgebra of (J-'(M)[[fi]], *), since the product of two 
local functionals is not local in the generic case. Furthermore we want to remark 
that, in contrast to the definition of deformability, the definition of locality does not 
depend on the underlying Minkowski signature, a fact which is a major in gredient 
in the Euclidean formulation of Epstern-Glaser renormalization in iKel09ll . 



From the viewpoint of microlocal analysis the wave front set condition 
|[LF-2]| implies that, if F e I'lodM), the distributions f (")(^) e ^'(M") can be 
pulled back to surfaces which lie transversal to the thin diagonal 



I Hor03l Thm. 8.2.4]. This implies that their distributional part depends only on 
relative coordinates, i.e. the Schwartz kernel of the fiinctional derivative of any 
local functional can be written as 
(11.12) 

fW(<p)(xi,...,x„) = Y.f;'\x)P,{dr)S{r), f"/ 6 ^(Diag(M")) - i^(M) 

k 

where x = E/Lj x,- is the "center of mass"-coordinate, r = (ri, . . . , r„_i) are 
relative coordinates, and Pjt are homogeneous, symmetric polynomials in n — 1 
spacetime variables. In flat spacetime the thin diagonal is the coordinate space of 
the center of mass, and the relative coordinates are defined in a transversal surface. 
In this sense [[LF-2]| is a microlocal remnant of transla tion iny ariance. 



The causal partition of unity, which was used in llBFOOall for the distributional 
construction of time-ordered products in curved spacetime, can generally not be 
used in the functional framework introduced here. It is replaced by the following 
result. 



6 ( iBPFOgj Lem. 3.2]). Any local functional can be written as a finite sum of 



Lemma II. i 

local functionals of arbitrarily small supports. That is 

(11.13) F = J2cr,Fi, c7,-6{±l};F,F,-6 Jioe(M)[[ft]], 

i 

where supp(F,) <z B,-, with Bi a ball of arbitrarily small radius e > 0. 



The proof of this Lemma in the given reference uses a different definition of lo- 
cal functionals than the one given above. However, both definitions can be shown 
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to be equivalent; see isFLRloll and iKelod. App. C]. 

Combining IIII.12b with (III.13I I, we have that the functional derivative of any 
local functional can be expressed as 

(11.14) F(")(<p)(xi Xn)=J2J2f/''ix)P,{dr)S{r), F6.Fio,(M)P]], 

k i 

where the support of Z^''*^'' e ^(M) can be chosen arbitrarily small. 



II.3. The Time Ordered Product 

We want to regard the situation where the time evolution of the interacting 
theory is solved perturbatively, i.e., in terms of formal power series. A convenient 
way to describe this evolution is by introduction of a time ordering prescription 
for the interaction functionals. Given the theory can be described as a free theory 

— II — n, 

at asymptotic times [Haa58vRue621, one can encode the information on the tran- 
sition pro babilities in co llision processes of elementary particles in the so-called 



5-matrix ILSZSSLILSZSTII . 



(11.15) 5(F)=exp.^(F). 

We will not consider the problem of defining the «S-matrix for non-compactly sup- 
ported interaction functionals, commonly referred to as the infrared problem (IR- 
problem). Instead we will stay within the algebra ( J'(M)[[?i]], *) and discuss the 
definition of <S as a map 

5: J-ioc(M)P]]^.F(M)P]] 

defined on local functionals, i.e., the ultraviolet problem (UV-problem). The ob- 
servation, which lies at the very heart of (perturbative) renormalization theory is 
that this map cannot be defined in a unique way, but that such a definition neces- 
sarily introduces a freedom into the theory, co mmon ly described in terms of the 



Stiickelberg-Petermann renormalization group llSP53ll . We will come to that point 
in greater detail in Chapter I VII 

In this section we will define the time ordered product and introduce the no- 
tion of its partial algebra of functionals. In the framework of pAQFT the time 
ordered product, despite its significantly different properties, can be introduced 
in much the same way as the star product was defined in the last section. Regard 
the second order functional differential operator 

(11.16) T'H-.= l[dxdyHF{x,y)^ 



• 27 ' 6<p{x)5q,{y)' 

where Hf e ^'(M^) denotes a Feynman propagator. That is, there is a fundamen- 
tal solution of the Klein-Gordon operator. Hp e .^'(M), 

(11.17) {u + nAH^ = S, 
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suchthat V/,g6 ^(M): 

(11.18) Hp{f,g) = {f,Hp*g) and H,{f,g)=H,{g,f), 
and the wave front set of the propagator Hf is given by 

WF(Hp) = |(x,y,ic,-A:) e t*(M2)| for x ^ y : (x-y)^ = 0, fcl|(x-y), 

(11.19) 6 5V± if X 6 5V±; 

forx = y : fc e t*(M) |, 

where we understand Vy- as the causal future / past of y e M. Feynman propaga- 
tors, Hf 6 ^(M^), have to be carefully distinguished from the two point functions, 
which are (bi-) solutions of the Klein-Gordon equation (|II.6|l and have positive fre- 
quency wave front sets | |II.9t . 

We have that u = Hp{f, ■) = Hf(-,/) is a solution of the inhomogeneous equa- 
tion 

(p + m^'^ u = f, 

what already implies that the wave front set of Hp necessarily contains WF(^), or 
more generally LHorOa (8.1.11), Thm. 8.3.1], 

(11.20) WF(<5) = WF((n + m^)Hp) a WF(Hf ) c WF{S) u Char(n + m^) , 

and thus a defini tion of powers of Hp which uses only wave front set properties 
is impossible, cf. iHor03 , Thm. 8.2.10]. Such a definition will involve an extension 



procedure as described in the previous chapter, i.e., renormalization, and it will be 
helpful to note that one can read off the scaling degree of Hp directly from IIII.17b , 
cf. Lemma lL4l 

(11.21) sd(Hf ) =d-l, d = dim(M) . 

As in the case of the star product, there is a freedom in the definition of Hp. 
Observe, however, that Hp is fixed once we have chosen a Hadamard function H 
which determines the star product, 

(11.22) Hp = H + i^^A^. 

This is also reflected by the fact that H and Hp both can be defined as certain 
boimdary values of the same analytic function. We will exploit the freedom in 
the choice of the pair H, Hp in Chapter |III] for the construction of a propagator 
which is especially well-suited for the discussion of dimensional regularization 
in position space. That is, we will add a smooth, symmetric, Lorentz invariant 
solution of the Klein-Gordon equation to the Wightman function, such that the 
so defined Hadamard function and corresponding Fe5mman propagator will have 
desirable additional properties. However, let us now come to the definition of the 
time-ordered product and its partial algebra. 



Proposition II.7 (Partial Algebra of -7-). Let Hp e i^'(M^) be a Feynman propagator 
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in the sense of in.l7[ - in.l9i and let he defined by MI.16\ . Then the product induced 
by 

(11.23) J^(M)[[fi]]®2 -!—^ J=-{M)[[h]]®^ 

Y k=0 

TiMlM — ^ ^(M)[[ft]] 
ivhere 

T := expihT'^^) (r-i := exp(-ftr^^)) 

denotes the time-ordering (anti-time-ordering) operator, makes {J-(MJ[h]], -7-) into a 
partial algebra. That is F -j-G is defined for all pairs F,G e J-'(M)[[fi]] with 

supp(F) n supp(G) = 0, 

and J- is associative for any three functional with pairwise disjoint supports. 

Remark II. 8. First. Observe that equation l|II.221 implies that j- really is the time- 
ordered product for *. We have for the scalar field 

<?(/) ■rfig) = fimg) + f'{frHpg) 

9{f)*fig) = f{f)f{g)+^{fMg) ■ 
Assume that the support of / is later than the support of g, supp(/) > supp(g), i.e., 
supp(/) and supp(^) can be separated by a Cauchy surface H, such that supp(/) 
lies in the future and supp(g^) in the past of Z,. Then we infer from supp(Aadv) 
that (/, Aadv * S) = arid hence 

{f,H,g) = {f,Hg) . 

We thus see that 

(p{f) -T 9ig) = fif) * ?ig) if supp(/) > supp(^) . 

Second. The action of the second order differential operator T^^ on functionals 
can be interpreted directly in terms of graphs. Let F, G e J-ioc(M) be interaction 
functionals, then the Leibniz rule implies 

(11.24) (-F • G) = i (Hf, fP) ) G + iF (Hf , g(2) ) + (Hf, F(1) ® G^^) ) 



O • +i* o 

The first two terms in this sum are tadpoles, i.e., graphs with lines connecting 
one vertex with itself. Defining the time-ordered product as a deformation of the 

fiY' 

pointwise product (through T = e ^f) removes all tadpole terms. At low orders 
in h this can be seen by a simple computation, 

{i + hY'^^) [(i-ftr'^^)F.(i-;zr'H^)G] = . . +h •— • +o{h^). 

See the proof below for the general case. 
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Proof of Proposition [irZl Before proving the main part of the proposi- 
tion, we want to show that the diagram in | |II.23| | is equivalent to the given formula. 
This is the same as showing that there are no tadpole terms in the graphical expan- 
sion of F -7- G and higher oder products. The Leibniz rule (|II.24b can be written as 
a coproduct rule for F^^ , 

^^H, = r'n, ® id + id ® T'h^ + Th, • 

Writing M for pointwise multiplication and abbreviating = T, we read off the 
diagram 

CO p,k 

J:=0 

And we see that the tadpoles drop out of the expansion. The graph expansion of 
the time-ordered will be discussed in more detail in Section lIV.il 
One infers from (|II.22|l that 



(11.25) F r ' 



F ★ G if supp(F) > supp(G) 
G*F if supp(G) > supp(F) , 

where, as before, O >U for two regions c M denotes that O is later than 
Observe that iiO>U and U>0 then O and U are causally disjoint. With l lll.25l l it 
follows from Proposition III. 41 that F -7- G is well-defined as long as the functionals 
have disjoint supports. Associativity follows from the same proposition, but can 
also be proven directly. Let A,B,C e J^(M)[[fi]] be three deformable functionals 
with pairwise disjoint supports, then the twofold product is defined, and we have 

A -r (B ■tC) = T \t-^A ■ T H { T-^B ■ T'^C \ 

= T 



T~^A-T~^B-T~^C 



{A-T-B)-rC □ 



We want to remark that there is a subalgebra Jo(lM)[[?i!]] c J'(M)[[ri!]], where 
besides the pointwise, • , and the star, ★ , also the time-ordered product, j- , can 
be defined as a full product. Namely, J-q(M) is given as the algebra of functionals, 
such that for any element all functional derivatives are smooth, compactly sup- 
ported functions, 

VF 6 J'o(M), Vn 6 N : f(")(^) e ^(M") . 

The third example given in pi.l|l is an element of J-q(M). The field equation, 
(□ + m^) q) = 0, generates an ideal in {T(){M-), ★), 

J = \ f e To(M) : F(q>) =J^Ga{cp) d"{n + m^)cp, Ga € To(M) \ , 
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a 6 Ng, d = dim(M). And following [DFOSt Footnote 5] we want to assume that 



J' is the set of functionals, which vanish on the space of (smooth) solutions of the 
Klein-Gordon equation. Let F e J' and G e J^qCM), one easily checks that F * G e 
e7. However, the same is not true for the time-ordered product, F --j- G ^ , in the 
region where j- and ★ are different, since Hp (in contrast to H) is not a solution 
of the Klein-Gordon equation. Since we do not want to deal with this and related 
issues, it is more convenient to work with fields, which are no t required to satisfy 
the field equation, so-called ojf-shell fields. As shown in a restriction to the 



space of solutions is always possible. See also for an explicit construction 

of the maps involved. 

II.4. The Renormalization Problem 

Associativity of the time-ordered product makes it possible to speak of n-fold 
products 

r„: .F(M)[[?i]]®" ^ ^(M)[[ft]] 

Fi ® • • • ® F„ Fi "7 rFn, 

which are well-defined if the supports of the functionals Fi, . . . , F„ e J-'(M)[[?i]] are 
pairwise disjoint, 

supp(Fj) n supp(F,) = Vf,;' e {1, . . . ,n} , i j ■ 

The aim of perturbative QFT, however, is to define the terms of the «S-matrix 
(|11.151 , which are time ordered products of the same interaction functional 

00 1 

S{F)=J2-^rn{F<E)---<S>F). 

11=0 

Hence one has to extend the definition of 7~,i towards functionals with overlap- 
ping supports. In the present formalism such an extension is only possible for local 
fimctionals F e J-io(;(M)[[?j]]. One way to extend the maps 7~n to local function- 
als wit h overlap ping su pport s is the inductive procedure of Epstein and Glaser 
| EG73l| . See also I BFOOall and ]BDF09|| for modern generalizations of the original 



treatment. We want to remark that the recursive construction of Epstein-Glaser can 
be performed without reference to the star-product structure of pQFT, and hence is 
suitabl e also for a discussion of the renormalization problem on Euclidean space. 



IKelQl. 



We will show in the last chapter that the inductive procedure of Epstein and 
Glaser can be solved, by implementing analytic regularization and minimal sub- 
traction, which gives preferred extensions in each step of the induction. An an- 
alytic regularization, which has been proven to have especiall y nice properties 



when it comes to gauge theories, is dimensional regularization | BRS75|| . And the 



next two chapters will be devoted to the implementation of this method into the 
framework of perturbative Algebraic Quantum Field Theory, although we will re- 
strict ourselves to the study of scalar quantum field theory, only. 



CHAPTER III 



The Dimensionally Regularized 
Analytic Hadamard Function 



Despite its rigorous formulation in iBG72a[ ltHV72l1 dimensional regulariza- 



tion has always been a somewhat shady or almost mystic concept, since the idea 
of a complex spacetime dimension is quite obscure from a conceptual point of 
view. Hence, the insight of BoUini and Giambiagi that dimensional regularization 
can be implemented in position space as a modification of the Bessel parameter 
in the two point function was, although passing largely unnoticed, an important 
one for the mathematical physicist int erested in a conceptually clear formulation 
of perturbative quantum field theory jBG96 |. We will follow the detailed argu- 



ment of [BDF091 App. A], which, however, contains a small flaw, to show how a 
modification of the Bessel parameter leads to the notion of a "dimensionally regu- 
larized" two point function for arbitrary, integer spacetime dimensions. This two 
point function will then be used in the next chapter to define a dimensionally reg- 
ularized time-ordered product and the corresponding 5-matrix. 

In a series of articles Hollands and Wald developed a description of the renor- 
malization group flow on globally hyperbolic spacetimes by investig ating the be 



havior of renormalizable theories under rescalings of the metric |H WOlL IHW02 , 



atmg 

woii li 



HW03I1 . A major ingredient of the approach is their "scaling expansion" of time- 
ordered products around the thin diagonal. This expansion has the property that 
the scaling degree of the individual terms becomes smaller and smaller as one 
goes to higher and higher orders in the expansion. In scalar QFT on Minkowski 
spacetime suc h a scaling exp ansion can be introduced as an expansion in the mass 



parameter m iHoioi IDF04|1 . This requires, however, that the two point function 



depends smoothly on m^. The Wightman two point function, A-|-, in even dimen- 
sions, exhibits a logarithmic dependence on the mass parameter, and thus cannot 
be used in this framework. However, we can take advantage of the freedom in- 
volved in the choice of a (Hadamard) two point function, briefly discussed in Sec- 
tions |IL2] and |lL3l and add to A™ a smooth, symmetric, Lorentz invariant solution 
of the Klein-Gordon equation, which establishes a smooth dependence on np- for 
the sum. In flat spacetime the requirement of smoothness in mass fixes the two 
point function uniquely in odd dimensions, and up to a parameter ji of mass di- 
mension one in even dimensions Hence, the algebra and the time-ordering 



are fixed (up to the parameter ji) by this smoothness condition. 
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III. THE DIMENSIONALLY REGULARIZED ANALYTIC HADAMARD EUNCTION 



III.l. Odd Dimensions 



The Wightman distribution A'" on d-dimensional Minkowski spacetime can 
be expressed, for spacelike arguments x e M (i.e., < in our choice of the 
metric) in terms of modified Bessel fimctions (see e.g. 



V 

(III.l) A'^(x) = {Inf-^m^ (^-x^y^ Ky(V-m^x^), v = f-l. 

The right hand side of this equation is a function of one (real) variable x^, which 
is parametrized by the complex order v of the modified Bessel function. In the 
case where v e ^Nq, and only then, this function has the physical interpretation of 
the Wightman two point function on a spacetime of dimension d = 2 (v + 1). The 
Wightman two point fimction, as well as its generalizations for arbitrary v e C 
do not scale smoothly in m^. However, starting from (|III.1| | we can construct a 
Hadamard two point function H„i, which scales smoothly mrrp- e by adding 
to A™ a smooth, Lorentz invariant solution F of the Klein-Gordon equation, H,„ = 
A'" + F. Any such Lorentz invariant solution F has the form 



(III.2) F{x)=(-x^) ' GyiV-ni^x^), 



for spacelike arguments x, where Gy is a solution of the modified Bessel equation 
of order v. For non-integer order, v e C\No, (e.g., odd dimensions d) Gy is a linear 
combination of the modified Bessel fimctions of first kind {Iy,I-y}. For integer 
order, n e No, (i.e., even dimensions d) it is a linear combination of {/«, K„}, where 
K„ is the modified Bessel function of second kind, see Appendix |A] for details. 
Requiring smoothness at x = implies for arbitrary order v e C that 



(III.3) F(x) ^ (-x^j ' Iy{V-m^x^). 

For V 6 C\No the modified Bessel fimctions are related by 

K,= y [l-y - ly] , 

2sm(v7r) 

hence, using this together with | |III.3| | we reach 

nl,{x) = A™(x) -FF(x) 

= (27r)^""m^(-x2j ~' [Xi,(v/-m2x2) + a ■ Iy{V-ni^x^) 
(III.4) 

= (27r)^-m^ (-x^) V^^)+ (« - ^) Iy{^^') 

where a e C is a free parameter yet to be specified. In order to fix the parameter 
a we regard the scaling behavior in of the two terms in (|III.4)l . The (modified) 
Bessel fimctions are of the form 

J.(y) = y7v(y')- 

with an entire analytic function fy. Thus, in the first term the factor m^^ in I^y 
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cancels with the prefactor m" leaving a smooth function of m behind. In the sec- 
ond term we get an overall factor w?-^ , which is not a smooth function of np-, unless 
V 6 No (which is excluded). Hence the free parameter a has to be chosen in such a 
way that the term proportional to ly cancels, a = 2ski{vn) - Summarizing the above, 
we have found, for non-integer order v e C\No, and in particular for odd dimen- 
sions d, a unique Hadamard two point function, which depends smoothly on m^, 
it is given by 

(111.5) Hl{x) = ^^"^.^ ^ i-xA" I^.iV-m^x^), x^<0, v e C\No. 
4sm(v7T) V / 



III.2. Analytic continuation 

We have already seen that H]^,{x) scales smoothly in the mass parameter 
for spacelike x e M, and want to discuss now the analytic properties of . It is 
a fundamental result of complex analysis that the analytic continuation of is 
unique in the region where it exists, so let 'H]'^ : M"- ^ C be this continuation, 
defined as a function on the complexified Minkowski space, M*- := M ®]r C. 
The modified Bessel functions are defined for arbitrary complex arguments and 
writing I-y{Vm^z^) = (^V nP-z^^ /,/(m^2^), with an entire analytic function /v, 
we see that the analytic continuation of l lIII.Sl can be written as 

(111.6) 'Hl{z) = {lnf-'^^^^{-z'-y'' fAm^z"), z e M^, 

from which the smoothness in np- is obvious. Using the series representation of 
the modified Bessel function ( IA.3I I we immediately get a series expansion of T-L^^ 
in nP, 

' sm(t/7T) V J ^^s\T{-v +S + 1) V 4 y V / 

Since this formula contains the power of a complex number, (— z'^) ^ = e^'''^°s(-z2) 
we have to choose a branch of the logarithm in order to make T-L^ single-valued. 
As we shall see below, choosing the principal branch. Log, of the complex loga- 
rithm. 

Log: C\{0} ^ ]R®f(-7T,7r] 

re'^ ^ Lo^ire'^) =\n{r)+id , d e {-n,n\ ^Wi/ln . 

gives a single-valued function 'HJ^, with the analytic properties of the Wightman 
fimction. The principal branch has a discontinuity along the negative real axis 
{d = Tz), resulting in the fact that the function on the right hand side of (|111.7|l , 
regarded as a function of one complex variable 

z^ = (x — iy)^ = -y^ - 2i xy , 
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i.e., T-Lmiz) = fimi^^), is analytic in the cut plane C\]R'^, see FigureUa). The con- 
dition z'^ ^ is fulfilled if the complex four vectoi0 z e lies in the so-called 

future or past tube 

T± = {x - fy : X 6 M, y e V± } c M"^ , 

where, as before, V- = {y e M : +\P > \\y\\ } denote the open forward and back- 
ward light cones. Observe that Im(z^) = implies < 0, if z = x - zy e 

x^y^ = X y ^ \\x\\ \\y\\ < + ||x||y'^, 

hence x^ < and z^ < 0. We reach the conclusion that the function T-Ll, : M*- —>■ C, 
given by 11111.71 , is analytic in the future and past tubes T-@ Furthermore we see 
from the explicit formula I|1II.7| | that the growth of |'HJ^(x — fy)| is bounded by 
an inverse polynomia l as y ap proaches zero from within the forward or backward 
light cone. Hence, by iHor03 , Thm. 3.1.15], the boundary values of "HJJj from inside 
the future and past tube exist as distributions in ^'(M). 

Hence we can define the Hadamard distribution H^, e ^'(M) to be the bound- 
ary value of as the real subspace M <z M*-- is approached from the future tube, 
y= (|,0) 6V+, 

(111.8) (HI, f) := lim [ dx f {x) C{x^ - ix° e) , v e C\No . 

£^0+ JM 



The wave front set of e 9'{M) lies within the dual cone of V"*", cf. BHorOB , 
Thm. 8.1.6], which is the closed cone V+, and hence we have 

wf(h;;) c M X (v+\ {O}) , v e C\No . 



Thus we have found a parametrized Hadamard distribution, which can be used 
to define a star product of functionals as described in the previous chapter, cf. 
Proposition III.4I 

The corresponding Feynman fundamental solution can be defined in the same 
way, it is the time-ordered version of HJ^,, 

H™'''(x) := e{x^)Hl{x)+e{-x^)Hl{-x), 

where Q is the Heaviside step function. Rephrased in the language of complex 
analysis, for x*^ > the Feynman fundamental solution is the boundary value of 
the analytic Hadamard function "HJ^ : M*- C from inside the future tube, i.e. 
H™'^(x) = lim£^o+ ''m(^^ ~ ix^e), and for x*^ < it is the boundary value of the 
same analytic fimction from inside the past tube, H™'''(x) = limg^o+ ^m(^^ + '^°e)- 



By abuse of terminology we will use the term (complex) "four vector" for elements of (complex) 

Minkowski space of arbitrary dimension d'^l. 
2 

It is well-known that the analyticity domain of the (Hadamard) two point function is bigger than just 
the future and past tubes. By Lorentz invariance, the extended tube, and by permutation symmetry 
even the so-called per muted ex tended tubes are part of the analyticity domain of the corresponding ana- 
lytic n point functions IHWSTII . However, for our purposes it wiU suffice to consider the subsets of 
the analyticity domain of 'HJJ, . 
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Hence in both cases it results 

(III.9) V/ e ^(M\ {0}) : (H™'",/) = lim / dxf{x) ^x^ - ie) . 

E— >0+ J 

The distribution H™ is given as the boundary value of the analytic two point 
function "HJ^ from two disjoint areas of its analyticity domain in the cases x*^ > 
and x^ < 0. For x^ = Q and x ^ we are in the analyticity domain of T-V^. For 
X = a definition of H™'*' as boundary value of is not possible, hence we have 
defined the Feynman propagator as a distribution H™'^ e ^'(M\ {0}). Observe, 
however, that H™'" has a unique extension to ^'(M) with the same scaling degree. 
The scaling degree of H™'" can be read off directly from (|III.7|l , 

(IILIO) sd(H™'^)=2v. 

Hence for half-integer Bessel order v = j — we have that sd(Hp = d — 2 and 
hence H™''* e &'(M\ {0}) has a unique extension '"^ e ^'(M). Observe that the 
terms proportional to (^m^Y in the expansion (|III.7b are homogeneous of degree 
D = 2 (s — v), cf. Definition II.9I Hence these terms have unique homogeneous 
extensions for 2 (Re(y) — s) e Nq + d, cf. Remark 11.101 and Theorem 11.121 and in 
particular for v ^ jNq. This observation is the basis for the discussion undertaken 
in the next section and the following chapter. 

Hence we have found a unique analytic Hadamard function 'H'^, which de- 
pends smoothly on for Bessel order v e C\No, and hence in particular for odd 
dimensions. Before turning to the more intricate case of even dimensions, let us 
briefly discuss the properties of the analytic Hadamard function by visualizing 
"HJ^, in the two pictures of Fig. [T] In particular observe that the Hadamard bound- 
ary value HJ^(x) grows exponentially in spacelike directions, a fact which makes 
a direct comparison in terms of the full time-ordered products of our formulation 
to the well-established formulation of dimensional regularization in momentum 
space difficult, if not impossible. A comparison of the counterterms, as described 
briefly in Section lL4l however, should be possible. 



III.3. Even dimensions 

The fact that (|III.5l l or respectively (|III.7|l fixes the analytic two point function 
uniquely for any complex parameter v e C\No suggests to construct the corre- 
sponding two point function for v e Nq, i.e., for even dimensions d = 2 (v + 1), by 
a limiting procedure. We introduce a regularization parameter ^ 6 C and set 

v^^-1, d6 2N, 0<|a<2, 
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(A) (B) 

Figure 1 . Generalizations of the Hadamard distribution. 

(a) to complex arguments. li{{x — iy)^) is analytic in the cut plane 
C\]R'i}., which implies that "HJ^, (x — iy) is analytic in the future and 
past tube T-. The values of HJ,',(x) for timelike vectors x are the 
boundary values of this function, as y approaches zero from in- 
side the forward light cone. For the plot v = \ and np- = 1 was 
chosen. 

(b) to "complex dimensions". The plot shows the qualitative be- 
havior of the Hadamard function H]!^{x) for spacelike distances, 

< 0, in dependence of the parameter v e C. One sees the 
(simple) poles at integer values i/ = | — 1 e Nq, cf. ||III.7| |, and 
that the local singularity structure at x = does not change as v 
varies. Observe also the (alternating) behavior for large spacelike 
distances, the absolute value of H^, grows exponentially, hence it 
cannot be the kernel of a Schwartz distribution, cf. also l|III.7|l . In 
the plot V varies over the reals from to 2. We have chosen rrp- = 1 
for the plot. 



in dlll.Sl l. The resulting parametrization of 'HJ^ we denote by 
(III.ll) 



idH) ' 



4sin((i^-l).) ^ 



2 



We had to introduce a parameter y of mass dimension one, in order to get the right 
mass dimension for the two point function, md('Hm^) = d — 2. Apart from the 
dependence on the free parameter y, T-Lm^ has for < |^| < 2 the same properties 
as T-L^j for |v| between two integers. In particular is analytic in future and 
past tube T- and depends smoothly on the mass parameter m^. 

In order to get an expression for even dimensions, we want to perform the 
limit ^ — > 0. This limit can not be performed directly, since T-Lm^ diverges as the 
parameter ^ tends to zero. The aim of this section is to construct a dimensionally 
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regularized analytic two point function Hnf (without the tilde), which is a smooth 
function of m?-, and solves the Klein-Gordon equation in the limit ^ ^ 0. This 
is done by exploiting the freedom in the choice of the Hadamard distribution H 
mentioned earlier. We will see that l-Lm^ differs from T-Lm^ by an analytic, Lorentz 
invariant function, which is a smooth function of nP' and solves the Klein-Gordon 
equation "in d -\- 1, dimensions". The exact meaning of this assertion will become 
clear in the construction to be carried out now. 

For < 1^1 < 2 we can express T-Lm^ in terms of the modified Bessel functions, 
cf. iTOll . 

(III.12) 



n^Az) = {2tz) ^}i-^m 



2-(rf+n 

4 



■ K^^_^{V-m^z^) + ^^.^^^(^_^y^ ^iMO_,{V-m^z^) 

= Wi;;Hz)+Bi:f{z), 

where we set Wm'^ for the term proportional to K id+Q and Bm^ for the 7 [d+Q - 

term. The first term in l|III.12|l , Wm^{z), is well defined for ^ = 0, it is (the analytic 
continuation of) the Wightman function in d dimensions. The second term, 

Bl^Hz) = 



-1) 



[In) }i 2 ^ 



2-(rf+0 



2 sim 



is a meromorphic function in ^. More precisely, for any fixed d e 2N the map 
^ Bllf is analytic in the punctured disk {0 < |^| < 2} and has a simple pole 
at ^ = 0. That is, (,Bm^{z) has a re movable singularity at ^ = 0, or equivalently 
lim^^oC^^m^(z) = 0, cf. j ConZsi Def . 1.6 a nd Thm 1.2]. Using the fact that 



V Iviy) is an entire analytic fxmction IWat22L §3-13], IIWW02I1 , and abbreviating 
we compute for d e 2N (using I'HospitaTs rule). 



lim 

f->0 2 sin( 



■1 W) 



cos( 



-1 71) 



^V'(^)+2C/(0 



Given these properties, ^ ^ B^{z) can be expanded in a Laurent series | Con7i 
1.11], 



(III.13) 



B'lihz) 



^ an{x)C = |Res(fi^'^(z),^ = 0) +g^^'^(z). 



«=-i 



where ^ Gm^{x) is analytic in the full disk {|f | < 2}. For finite ^ the function 
Bllt^ is (the analytic continuation of) a smooth, Lorentz invariant solution of the 
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Klein-Gordon equation "in d + ^ dimensions", i.e., Bl',f (z) ~ ( — z^) ' Ii,(V— m^z^), 
where h, is the modified Bessel function of first kind of order v = — 1, cf. (|III.2b . 
Furthermore 'Hm^{z) = Wm^{z) + B^^{z) is a smooth function of m^. It is the 
whole purpose of this derivation, to maintain as many of these properties as pos- 
sible as ^ tends to zer o. Subtr acting just the pole part of ( |III.13t , as suggested in 



the original treatment [BDF09L App. A], although preserving smoothness in z and 
m^, does not lead to a solution of the Klein-Gordon equation. The reason for this 
is that the residue does not solve the Klein-Gordon equation in d -I- ^, but in d 
dimensions, 

fl_i(x) = Res(fi^;f(z),C = 0) = lim^6j;;^(z) 

'd ^ 



(III.14) = {ln)-i m^-i (-z^) ~^ h_^{\/-m^z^) . 

In order to maintain also the solution property in the limit ^ ^ 0, we need to 
subtract from a smooth, Lorentz invariant solution of the Klein-Gordon equa- 
tion "in d + [, dimensions". Furthermore, in order not to spoil the smoothness of 
'Hm^{z) in the mass parameter m^, the subtraction has to be a smooth function of 
np-. We conclude that the subtraction is a scalar multiple of 



(III.15) Si{z) = i-lp-') m^-^ (V-m^zA ' 



2 

Observe that iS£ is an entire analytic function of z^, since /j,(z) = z^fv{z^) with fv 
entire analytic. A possible subtraction is given by 

B':f{z) = &J'{z)-oi^^^^si(z) 



l-d 



(2^) ^ (^y 2sm(ff) 2sm(?f) 

d 

where we had to set the factor in front of the subtraction to be a = {2tz) ' in order 
to get a well-defined limit. Adding this to the analytic Wightman function Wfl,'^ 
defines the dimensionally regularized analytic Hadamard function 
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which has the exphcit form(s) 



m\/ —z 



2^ 2 



(III.16) 



-1 ^ 

2sm(^f: 



^ ) -^1 _ fl+C ("2 V^^) - -frf+i ( 



my —z^ 



mv —z' 



(III.17) 



m 




From the representation I IIII.I6I 1 we can directly derive a series expansion of 
the dimensionally regularized analytic two point function in powers of np- by in- 
serting the power series expansion ( IA.3I I for the modified Bessel functions, d e 2N, 

(III.18) 



11 r rf-2 d 2-(i(+c) 71 



2sin(Cf) 
1 



X 2s-(d-2) 
-z2 \ / ,\ s 



Observe that the second term in curly brackets is a smooth function of z^, since it 
only contributes for s > i.e. 2s - (d - 2) ^ 0. 

Since l-i}m differs from by an entire analytic function, cf. dlll.lSK it is 
also analytic in the future and past tube. Furthermore I, ^ l-i}ln{z) is analytic in 
{1^1 < 2} by construction, however, for completeness we want to give an explicit 
argument here. Regard | |III.17|| , Ki^i _^ and I j+f _^ are entire analytic fimctions of ^ 
by general properties of the (modified) Bessel fimctions (see e.g. | AS7Cl[ Sec. 9.6]). 
The analyticity domain of ^ 'Hm^{z) is thus determined by the factor a(^) = 

{ (^) ~ ^^^'"'^ obviously is analytic in {0 < |^| < 2}. One can show 



2sin(i 

differentiability in ^ = by computing the differential quotient directly, 

2 

In 



lim-[«(O-«(0)] 



Hence (z, Q 'Hm^(z) is analytic for z e T~ and |^| < 2 as asserted above. The 
limit ^ of exists and defines the analytic Hadamard function in even 
dimensions 

?^|^(z) := lim^!;'^(z), dein, 
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it can be read off directly from ||IIL17|| , d e 2N, 



^m(z) 



2-ii ,- 



(271) 



By construction "H^, as well as its regularization T-Lm^ , ^ |^| < 2, is a smooth 
function of m^. The boundary values of 'Hm(z) = Am(z^) define the Hadamard 
distribution and Feynman fundamental solution, 

(111.19) (li^Lf) = lim j dxf{x) kl{x^ - ix^e) , e ^'(M) , 
and 

(111.20) (H'^'^,g) = lim f dxf{x)dx^ -k), H™''' e ^'(M\ {0}) . 

\ ' £— >0+ J 

Within the analyticity domain of 'Hm^(z) the limit ^ ^ can be exchanged 
with taking boundary values, resulting in regularizations of these distributions. 
What seems artificial at this stage, since H,^, needs no regularization at all and 
H™''' already has a unique extension with the same scaling degree by Theorem ll.6[ 
will prove to be useful for the regularization of higher time-ordered products in 
the next chapter. Hence we define the dimensionally regularized Hadamard distri- 
bution, as well as the corresponding Fe5mman fundamental solution as boundary 
values of 'Hm^(z) = A^'^(z^), 

(111.21) iltm,f^ = lim J dxf{x) kf,f{x^ - ix^e) , H^'^ e 2>\M) ; 
and 

(111.22) (Hp'^'^,g) = lim / dxg{x) h^^{x^ - ie) , H^'^ e &'{M\ {0}) . 

The scaling degree of H™''''^ can be read off directly from (|111.18|l , 

(111.23) sdiHp'^'^) = d + Re(^) - 2 . 

It is smaller than d for Re(^) < 2 and we infer again from Theorem 11. 6| that Hp '^''^ 
has a unique extension in this case. For ^ ^ M, observe that the singular term of 
the expansion 1IIII.I8I 1 is homogeneous of degree D = 4 — (d + ^) and hence we get 
a unique extension by means of Theorem ll.121 

This imique extension H™''''^ e i?'(M) is a reg ularizationof H™''' e ^'(M\ {0}) 
in the sense of Definition ll.161 since by what was said above we have 

V/ e ^(M\ {0}) : lim (h',"'"'^,/) = lim (h^'^'^j) = (H-^/) . 

And since the distribution on the right hand side also has a unique extension H™''', 
we even have 

(111.24) V/ 6 ^(M) : lim (^^''''^ , /) = (4"''', /) . 

Observe that H^''^'^ has a unique extension by means of homogeneity, and not, as 
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Hp by a pure scaling degree argument. We will see in the next chapter how this 
leads to an analytic regularization of arbitrary time-ordered products. 



CHAPTER IV 



Dimensional Regularization in Position Space 

The work of BoUini and Giambiagi on dimensional regularization in position 
space, mentioned previously, focused on the Fourier transfo rm of this regulariza- 



tion method between momentum space and position space |BG96|| . In contrast to 
their work, our analysis will be formulated exclusively in position space, and a 
direct translation to momentum space will generally not be possible. However, 
an advantage of the method presented here is that all expressions will depend 
smoothly on the mass parameter n p-, whi ch makes it possible to apply the covari- 
ant framework of LHol04iL see also |dfo3]. We will analyze the graph structure of 
the time-ordered product in the first section and use this in the second section to 
construct for any graph a unique dimensionally regularized amplitude. We will 
define the dimensionally regularized time-ordered product and the correspond- 
ing scattering matrix. This dimensionally regularized «S-matrix will then be used 
as an example in the solution of the Epstern-Glaser recursion, and to establish the 
relation to Connes-Kreimer theory of renormalization in the last chapter. 



IV.l. Graph structure of the Time-Ordered Product 

Before turning to the time-ordered product we want to introduce very briefly 
the basic notions connected with the definition of a graph. An oriented graph F is 
a set of vertices V(F) and a set of edges E(F) together with maps 

s,t:E(F) ^y(F), 

which give source and target of an edge e e E(F), respectively. Furthermore we 
give F an orientation by assigning to any pair (e, v) 6 E(F) x V(F) the value 

{+1 if t(e) = V 
-1 if s(e) = V 
otherwise. 

We call e adjacent to v ii [e :v) ^ 0. A graph for which the orientation map 
(e, v) (e : v) is multi-valued we call tadpole. However, the definition of the 
time-ordered product in | |II.23|I implies that there are no tadpoles occurring in its 
graph expansion, i.e.. Equation ||IV.2| | below; see the proof of Proposition III. 71 and 
the preceding Remark III. 81 In particular this implies that we will only need to 
consider graphs for which 

(IV.l) Ve 6 E(F) : s{e) ^ t(e). 
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Furthermore we remark that for scalar QFT the orientation of a given (Feynman-) 
graph can be chosen freely, one speaks of an unoriented graph in this case. Let Q 
denote the set of all unoriented graphs F for which the orientation map (e, v) h^- 
(e : v) is single-valued, i.e. (| IV. Il l holds. 

Consider the n-fold time-ordered product introduced in Section llL4l as a map 

Fi ® • ■ • ® F„ Fi -7 7- F„ . 

It was defined with the help of a second order, symmetric functional differential 
operator I III.161 , which can be written as 

Fh,(F-G) = (Hf,F«®G(i' 



due to the absence of tadpoles. On the level of graphs this operation is represented 
by drawing one line. Hp, between the interaction vertices, F and G . We can split 



the time-ordered product, 7"«, in a similar way into two parts lFre09ll : a differential 
operator, 

: Fi ® • • • ®F„ Fj^^i' ® • • • ® Fi""' , a 6 N" , 

where a, is the number of lines adjacent to the vertex with interaction F,0 and a 
distribution, 

Sr : Ff 1) ® . ■ . ® F^) ^ (Sr, f[''^ ® ■ ■ ■ ® F,i'^«^ 

containing the information as to which vertices of the graph F are connected by a 
line. The n-fold time-ordered product can then be written as 

(IV.2) F^.r----TFn= E E (StJ" (Fi ® ■ ■ ■®F„)> , 

where Qa is the set of (non-tadpole) graphs with n = dim (a) vertices and ^ lines 
such that there are a, lines joining at vertex i. Sym(F) 6 IN is the symmetry factor 
of the graph F to be defined below. Observe that in the case of polynomial inter- 
actions, e.g., Fi{cp) = (^(p^'ff'^, i e {1,. . ., n}, and fixed « e N only finitely many of 
the functional derivatives S'^ give non-vanishing contributions to l|IV.2|l . For arbi- 
trary interactions the limiting parameter is the order in fi up to which one wants to 
compute. One can generate a dependence on the loop number i{T) for connected 
graphs F by absorbing one factor fi in each interaction functional, 

^(r) = |E(r)|-|y(r)|+i, 

a well known identity from graph theory 



Example IV.l. As an example regard the threefold time-ordered product of (not 
necessarily local) functionals F,G,H e J-'(M)[[fi]]. Using Cauchy's product for- 
mula and the Leibniz rule one derives from the power series expansion | |II.23| | the 



-1 

Since we do not want to restrict ourselves to any particular type of interaction, the number of edges 
adjacent to a given vertex is not fixed a priori. 
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following expression for the threefold time-ordered product 



(IV.3) F-rG-rH= E^EE,^ 

„=0 m=Ok=0 ^ 



^ j \^ ^(^ n-{n-m){m-k) 



where we used the abbreviation G(|t) := H^'^ ^G^^\ cf. | Kel09 |. The first terms of 
this expansion are given by 

F-rG-rH = FGH + fz {^f(i)G(i)H^ + ^f(i)GH(i)^ + {Jf g(1)H(i)) } 
+ n'{\ (f P)Gp)H) + (fP)G(i)H(i)) + 1 (F(2)GHp)) 

+ (FWGa)H(,),)) + l(FG(^)H(,)) + (Fa)G[;;H(,))} 



1 • 

20 



Observe that the prefactor of each graph is given by its symmetry factor, 
Sym(r)-i = = („_n,)!fc\^_)c)K where for a general graph, T e G, Sym(r) 

is the product of the number of possible permutations of edges which join the 
same two vertices in T. 

The terms in (|IV.31 can equivalently be expressed as a composition of the maps 
Sr and J" above, 

F®G®H 

s" 



1 

Sym(r) 



Sr 



1 in\(m\ / T:(k+m-k)r'y^-™) TT \ 
l^\m)\k)Y^ "^(k) ^{n-m)(m-k)) ' 

hence we can write | |IV.3| | equivalently as graph expansion. 



(Sr,<J"(F®G®H)) , aeN^ |a|=2|E(r)|. 



rig Sym(r) 

We will properly define these maps, J* and Sp, in the sequel. 



In the case of local functionals F^ e -^ioc(lM)[[?i!]] we have that the fimctional 
derivative can be written in the form, cf . Eq. | |II.14|I , 



k 
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where = ^ Efcli -"-k is the center of mass coordinate and r-g are relative coordi- 
nates at vertex v e V{T) . are homogeneous polynomials of order in — 1 vari- 
ables, (o^jrac denotes the space of distributions supported at zero, and supp(/^''^'') 
can be chosen arbitrarily small. We want to introduce the short hand notation 

for the space of the a^th fimctional derivative of a local functional, F(*")(q?) e 
^oc(M'*-'') and call 

S\: J-ioc(M)[[ft]]®l^(ni ^ (8),enr)^loc(M«") 

Fi®---®F„ ^ F|'*i'(^))®---(x)Fi''"'(97) ,n = |y{r)| 

the adjacency differential operator. 

While the definition of S"^ can be done purely algebraically, the construction of 
the distribution Sp on the other hand involves renormalization, i.e., an extension 
procedure for distributions. We start from the tensor power 

(IV.4) Sy= (g) Hf(e), 

eeE(r) 

containing one factor Hp e ^'(M\{0}) for every edge e in T. Hence Sp is a 
well-defined distribution in ^'((M\ {0})l^('^)l) that can be uniquely extended to 
since the Feynman fundamental solution Hf e {0}) has a 

iinique extension Hf e i^'(M) with the same scaling degree. 

The renormalization problem is now to find a restriction Sp of the tensor dis- 
tribution Sp to the space 

veV{Y) veV{Y) 

The sp ace <^Qjja(- is spanned by the ^^-distribution and its derivatives 



le sp. 

lorOa, 



I Hor03l Thm. 2.3.4], thus the tensor product 

veV(T) 

is graded by the number of derivatives in front of the .^-distributions. 

^ = ©%' ^ = E ^- 



Regard the application of Sp to the image of J" 



(St, (g) f('^"M = (Sp, ELr/"''"PKidr-Mrv)) 
\ veV(T) I \ veV{T) h h I 

\ veV{T) kv k, I 

where k = {kv)y^v{i) ^^'^ ^ = )i!ey(r)- dualize the application of P-{.{df) and 
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get 



\ veV{T) I \ veV{T) kv h I 



where according to Lemma lL4l this will increase the scaling degree of the distribu- 
tion by 

(IV.5) sd(S(jJp = sd(S^) 

The multiindex k thus encodes the derivative couplings (i.e., the interaction func- 
tionals containing derivatives of the fields) in the graph T. In the framework of 
Connes-Kreimer Hopf algebras, or Feynman g raphs i n general, k sometimes is 
called the "external structure of the graph", see IcmotIi for instance. 



The remaining restriction of S^^k) ^° ^ distribution in ^'(MI^('^)I) can con- 
veniently be described by the (simplicial) cohomology of the graph F. For ease 
of presentation, we will forget about the external structure k for the time being. 
The algebraic structure to be presented below can be developed to a large ex- 
tend without recourse to the external structure. We will reintroduce k by replacing 
F ( F, fc ] , where we find it to be relevant for the understanding. 



IV.1.1. Simplicial cohomology of a graph and choice of rel ative co ordinates. 

The presentation in this subsection is very much inspired by iBBK09 , Sec. 2.1]. 



Let K 6 {]R, C} be a field. We define the (simplicial) cohomology H^(F, K) with 
coefficients in K of a connected graph F e C/ by the exact sequence 

(IV.6) ^ K^-^ Kl^(ni — ^ ]KlE(r)l — "-^ h1(F,K) ^ • 

Let {ay : v e y(F)} be a basis of Kl^(ni and {he : e € E(F)} a basis of Kl^(ni. The 
maps in ( |IV.6t are then defined as the "center of mass", 

c : X ^ X av , 

and 

cC -.ay^ Y {e:v)bs. 
eeE(r) 

One immediately checks that 

Vx 6 K : {d o c) (x) = X Y Y {e''^)be = 0. 

eeE(T) veV(T) 

Furthermore, o o d = is equivalent to 

H'^{T,K) =coker{d) = Kl'^('^)l/im(d-) , 

an alternative definition of H^(F,K). The dimension of this cohomology is called 
the first Betti number and gives the number of independent loops of the graph F, 
dim(Hi(F,K)) = |£(F)|-|y(F)|+l. 

Let us regard the map d. The image of a general element x = J^y^v{T) ^^^v is 
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given by 

eeE{T) 

Thus d expresses the coordinates of a given edge e e E{T) in terms of the coordi- 
nates of the adjacent vertices, r'^ = x^^'^^ — x^^'^\ 

Example IV.2. Regard the very simple graph with two vertices and one edge, 

7 = ■ • . 

Let V = s{e) and iv = t(e), and choose a basis {av,aw} of kI^^"^)!. Then xai, -\-y aw & 
and we have 

d{xaj,+yaiB) = {y -x)he. 
Thus the pullback of d : kI^(t)I ^ ^\H'y)\ = K maps a function / e ^(K) to 

{d*f) {x,y)= f{y-x). 

Consequently, a distribution u e &{K) will be mapped to d*ue with 

{d*u){f®g) = dxdyu{y-x)f{x)g{y) = {f,u*g) , 

w here * d enotes the convolution product and the pullback is defined in the sense 
of iHorOai Thm. 6.1.2]. 

This construction can be lifted to any K-vector space V, by forming the tensor 
product K g) y. We are interested here in the lift to Minkowski spacetime M = 
R ® M. Thus we have, M" = R" ® M, 

*- M^-^ Ml^(ni Ml'^(ni Hi(r,M) ^ , 

i.e., one short exact sequence for each component of z 6 M. 

Example IV.2 (revisited). In terms of this cohomology the Hadamard two point 
function is the pullback of the Hadamard solution H e fF'(M) by dy, 



/jH) {f,g) = {f,H*g) , 

analogously the Fe5mman propagator is the pullback of the Feynman fundamental 
solution Hp 6 &'{M\ {0}), 

(2;Hf) (f,g) = {f,HF-g) , 

supp(/) nsupp(g) = 0. 

Also translation invariance can be formulated very conveniently in this coho- 
mological framework. The image of c gives all possible translations of the vertex 
coordinates by a given vector a e K. Hence the orbits of these translations are the 
elements of the cokernel coker(c) = kI^^'^)! /im(c). We can fix a basis of coker(c) 
by choosing the coordinates of a vertex vq and setting Vq := V(r)\ {^o}- This 
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provides us with a projection 

and an isomorphism <p between kI^oI and coker(c), 

(p : kI^oI coker(c) 

tty 1-^ a-i, + im(c) . 

All translation invariant functions in kI^^'^)! can be seen as generic functions on 
coker(c), or kI^"! respectively. They are related by the pullback via tzy, e.g. for 
smooth functions. 

We define the choice of relative coordinates in kI^^'^)! by 

where r^(x) = Y^u^Vg • ^) is computed to be 

x^W iivo=5{e) 
-x^W ifz;o = t(e), 

giving the "coordinates of the edges" relative to Vq. In Minkowski spacetime we 
define correspondingly, 

lY := dY o ^ : m\^o\ ^mI^(^)I 

as the choice of relative coordinates in M'^'^'^)!. 

We now want to define Sr e ^'(MI^('^)I ) as the pullback of Sr via dY, 

Sr = <^r* ■ 

Let us regard the case of the unextended amplitude Sr 6 ^'((M\ {O})'^'^'^'"). Each 
edge corresponds to a Feynman propagator Hp and any set of edges joining the 
same two vertices will have the same coordinate r'^(x). This introduces pow- 
ers of Hp, which are well-defined distributions only outside the origin, (Hj:)'^ e 
i^'(M\ {0}). As a consequence the pullback Sr is a well-defined distribution only 
outside the large diagonal 

DIAG = |x6Ml^(^)l|35:;,ro6 V{T),v ^w: x-o= , 

Sr G ^'(mI^*^'")I\D1AG). As remarked b efore a restriction of Sr by means of a 
wave front set argument, i.e. by applying jHorOSl Thm. 8.2.4], is not possible due 
to the wave front set of Hp. A restriction of Sr, or equivalently an extension of 
(?P*Sr to i^'(Ml^('^)l ), will involve renormalization. In the case of even dimensions. 
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d 6 2N, the amplitude is a tensor power of the Feynman propagator ( |III.20| |, 



and hence depends on an additional parameter pi of mass dimension one. 

We review briefly the Epstein-Glaser induction for constructing the extension 
Sr in order to discuss the renormalization freedom in the cohomological frame- 
work advertised here. 

IV.1.2. The Epstein-Glaser induction. Having defined what we mean by a 
graph T e Q, we define an Epstein-Glaser subgraph (EG subgraph) 7 c F to be a 
subset of the set of vertices ^(7) c V{T) together with all lines in F connecting 
them. 



The orientation of 7 is inherited from F. The first step of the Epstein-Glaser in- 
duction is to choose extensions for all EG subgraphs with two vertices, |^(7)| = 
2. In this case we have translation invariant distributions 2*5^ e .^'(M^\Diag) 
(Diag = |x 6 mI^('*')I I Vi?, If 6 V(T) : x-o = Xjyj denotes the thin diagonal), which 

correspond to generic distributions 1*5^ e ^'(M\ {0}). The scaling degree of 
these distributions is given by their number of lines sd(r*S'y ) = |E(7)| (d — 2),and 
we can choose a (possibly unique) extension according to Theorem II.6I By trans- 
lation invariance this gives extensions Sj e ^'(M^) of the distributions d*Sj e 
^^'(M^\Diag). By causality, i.e. relation | |II.25| | of time-ordered and algebra prod- 
uct, these extensions define the (translation-invariant) restrictions of all EG sub- 
graphs with three vertices up to the thin diagonal. 

For a generic EG subgraph 7 c F we make the assumption that the restric- 
tions of all EG subgraphs of 7 with less vertices have already been chosen (in- 
duction hjrpothesis). The causality condition then gives a translation invariant 
distribution d*Sj e ^'(Ml^('>')l\Diag) which corresponds to a generic distribution 
r*S-y 6 .^'(MI^(''')I~^\ {0}). The scaling degree and hence the degree of divergence 
of this distribution is completely fixed by the structure of the graph, cf . (|II.2Hl , 

(IV.7) div(7) = div(r;s^) = |E(7)| (d-2) -(|y(7)| -l)d, = dim(M) . 

We call 7 superficially convergent if div(7) < 0, logarithmically divergent if 
div(7) = and divergent of degree div(7) otherwise. Again by Theorem II . 6 1 there 
is a choice to be made in the extension of t*Sj in the case div(7) ^ 0. The induc- 
tive procedure of Epstein-Glaser will thus lead to an extension Sp g f^'(Ml^('^)l ) of 
d*SY 6 ^'(MI^(^)I\DIAG). As suggested above, we will refer to any such exten- 
sion of as restriction ofS^e ^'((M\ {0})l^('^)l). 

In the case of couplings which involve derivatives of the fields, also the exter- 
nal structure of 7 has to be taken into account, cf . dlV.SI l, 



S^= (g) 4'(e)6^'((M\{0})l^(^)l), 



eEE(r) 



E(j) = {eeE(T):{sie),t{e)}^Vij)}. 
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This introduces an additional freedom in the choice of the extension in each step, 
but does otherwise not change the inductive procedure. 

The combination of all choices involved in the inductive construction of a re- 
striction Sy 6 i^'(Ml^('^)l) of Sy make up t he Stlick elberg-Petermann renormaliza- 
tion group acting on local functionals, cf . We will see in the next section 

that the freedom in this construction is considerably restricted, if we replace in 
(|IV.4) l the Feynman propagator by its dimensionally regularized counterpart. 



IV.2. The Regularized Amplitude 

The aim of this section is to construct a regularization of the above defined 
amplitude 2^S'^ e ^'(MI ^(r)I^DiAG) by applying the Epstein-Glaser reduction 
procedure to 

(IV.8) S(!'^ := H'^'^'^(e) . 

eeE(r) 

We will see in the sequel that Sp'^ has a unique restriction Sp'^ e fF'(Ml^('")l) by 
means of Corollary II. 151 This will provide a regularization of the original ampli- 
tude i?p outside the large diagonal. 

Regard the dimensionally regularized Feynman fundamental solution H^'^'^ e 
^'(M\ {0}) constructed in Chapterlml The expansion of Hp in powers of the 
mass parameter rrp- follows directly from the expansion of the analytic Hadamard 
function HIII.ISI I, 

H™''''^(x) = (-1)^ (1k)-^1-^^ 



(IV.9) 




where we used the common shorthand /(x^ — z'O) = limg^Q+ /(x^ — ie). The co- 
efficients of this series, it/'^ 6 &{M\ {0}), are sums of a distributional and a 
smooth part, both of which are homogeneous, but of different degree. The distri- 
butional part is homogeneous of degree 2s — (d + ^ — 2), whereas the smooth part 
is identically zero for s < and homogeneous of degree 2s — [d — 2) otherwise. 
Regard now the finite tensor powers of the dimensionally regularized Feyn- 

/ m u C\ ®^ 9 

man distribution. The expansion of I Hp J , = |E(r)|, in follows directly 
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from | |IV.9l l and Cauchy's product formula, 

(iv.io) (h^'^'<^)®'= f; £ ... £ 4''-''-'^''''^®.-.®Hi^'f''^ 



s/t=0 S(._j=0 si=0 

where s = (sj- — sj-_i, . . . ,si) e N*^. The scahng degree of the coefficient of (m^Y'' 
is given by the sum of the scaling degrees of the individual factors, cf. Lemma lL4l 
and Remark ri.lOl 



(IV.ll) sd((4''^j )=/c(d + Re(0-2)-2s,. 

Hence the scaling degree of the coefficients become arbitrarily small as one regards 
higher powers of m^. Thus according to Theorem 11.61 these coefficients will have 
unique restrictions to arbitrary subdiagonals@ In other words, only a finite num- 
ber of coefficients in dlV.lOI I need renormalization. Thi s is one of the ad vantage s 
of the concept of a "scaling expansion" introduced in see also 



(X)S 



I DF04I. p. 1310ff]. The coefficients in dlV.lOl l which need renormalization when 
restricted to subdiagonals are in general not homogeneous, since the coefficients 
H'/'^ in ||IV9] | are not homogeneous. However, since we regard graphs with a 
finite number of edges, they are certainly heterogeneous of finite order. If we as- 
sume ^ ^ Q+ their multidegree contains no integer number. We can construct a 
restriction of S^'^ by the same procedure described in Section lTV.1.2i with the only 
difference that we have a preferred choice of the extension at each order accord- 
ing to Corollary ll.151 namely the extensions which are heterogeneous of the same 
multidegree. Thus we are lead to a unique restriction S^'^ e ^'(mI^^'")! ). 

Proposition IV.3 (Regularization outside DIAG). The restriction of S^'^ is 
uniquely defined by the above homogeneity condition and gives a distribution S^'^ e 
^'(Ml^(ni). sj!'^ is a regularization ofd*S'^ e ^'(Ml^(ni\DIAG), in the sense that 

V/ 6 ^(mI^^'^^^DIAG) : lirn^ (s'^'^rf) = (^r Sp//) . 

We will refer to S^'^ e ^'(mI^^'")!) as the dimensionally regularized amplitude of I. 
By translation invariance it naturally corresponds to a unique dimensionally regularized 
amplitude in relative coordinates, s^'^ e f^'(Ml^('^)l^^), which is the unique extension of 



Proof. The first part follows from the construction above. By the discussion 
t the end of the previous chapter we have that the unique extensions H™'^'^ e 
?'(M) is a regularization of H™''' e ^'(M\ {0}), cf. l|111.24|l . And by continuity of 



2 

Keep in mind that the prod uct of distributions can be defined as the restriction of their tensor product 



to subdiagonals, cf. lH6r03l, Thm. 8.2.10]. 
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the maps involved we get the assertion. 



eeE(T) J \eeE(T)''^ 

Observe that the extension map i?p*Sp'^ S^'^ is also continuous by Theorem ll.l2[ 

□ 



We have that Sp is a regularization of (fp*Sp in a broader sense of the word, 
since is defined only in the complement of the large diagonal. However, the 
regularization S^'^ e ^'(MI^('^)I) comes with a natural renormalization prescrip- 
tion, defined at any order of (causal) perturbation theory: minimal subtraction 
(MS). This has already been introduced on the conceptual level in Section lL4l and 
we will see in the next chapter, how minimal subtraction is to be applied to the 
regularized graph amplitudes s^'^ and Sp'^, respectively. The complete renormal- 
ization of the graph amplitudes will then be discussed in Chapter |Vl] and it will 
be useful, for the derivation of the underlying combinatorial structure to collect 
all the different contributions to the perturbative expansion in the definition of a 
unique dimensionally regularized <S-matrix, defined as a map on local functionals, 
cf. SectionllOl 



Definition IV.4 (Dimensionally Regularized <S-matrix). Let 

be the dimensionally regularized Feynman bidifferential operator. Define the reg- 
ularized time-ordering operator 

■= exp(fir'^„,,,,,^), 

and the dimensionally regularized time-ordered product on local functionals F, G 6 
•^loc(M)[[/i]] 



Then we define the dimensionally regularized <S-matrix as 

00 1 

S,,^{F) := exp.^_^(F) = ^ -r;,f(F®"), F e J-ioc(M)[[fi]] , 



where ^ denotes the uniquely extended regularized n-fold time-ordered prod- 
uct constructed (graph by graph) by Epstein-Glaser induction. 



friserting (|1V.2| | we can write the regularized <S-matrix also in terms of a graph 
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expansion 



(IV.12) 

CO ^\E(T) 




Fe J-io,(M)[[fi]]. 



This expansion is often referred to as the perturbative expansion of the S-matrix. 
And we want to remark that the sum over all graphs at a fixed order n of causal 
perturbation theory is finite, if we assume that F g J^1o(-(1M )[[?;]] is a polynomial 
interaction functional. This remains valid, if F contains derivatives of the field. 
The order of causal perturbation theory is given by the number of vertices of the 
graphs contributing to | |IV.12|I , irrespective of the fact if they are connected or not. 
Conversely, the sum is finite at each order 0{h^^^^^^), and we repeat the remark that 
this is in essence the "loop order ", if we regard only graphs with a fixed number of 
connect ed components c(r). The order is given by the Betti number of the graph 



I GYOSbH . 




CHAPTER V 



Minimal Subtraction 



Minimal subtraction (MS) in combination with dimensional regularization 
(DimReg) and Zimmermann's forest formula as a renormalization technique has 
earned wide acclaim in the standard approach to perturbative renormalization in 
momentum space. After having constructed the dimensionally regularized posi- 
tion space amplitude to any graph T e Q, we want to extend the notion of minimal 
subtraction given in Section |L4] also to graph amplitudes and products thereof. As 
a matter of fact, we will find that minimal subtraction can be formulated inde- 
pendently of the graph expansion and the representation (position- or momentum 
space). This is to say that we can define a minimal subtraction operator which 
acts directly on the prepared, dimensionally regularized time-ordered product, re- 
garded as a linear map between functional spaces, 

T;U,p,ep : .Fioc(M)[[ft]]®" - .F(M)[[fi]] . 

The fact that this leads to local counterterms will be the crucial observation which 
makes the abstraction in the next chapter possible, and the presented forest for- 
mula for Epstein-Glaser renormalization applicable in any chosen representation. 

What will be said in this chapter relies on the fact that we dispose of a pre- 
pared amplitude. This will be defined in the first section, and we will implement 
the graph structure in the second. In the third section we will define minimal 
subtraction at subgraphs, and we will test our method by rederiving the result of 
Zimmermann that only Epstern-Glaser subgraphs contrib ute to nested projections 
in the limit where the regularization is removed izimzeli . The independence on 
the representation will be discussed in the fourth section and as a result we will 
define the minimal subtraction operator on prepared time-ordered products. 



V.l. Prepared Amplitude 

Definition V.l (Prepared Amplitude). A regularization |sppj.gp : ^ e n\ {0}| (in 

the strict sense of Definition II.I6I I is called prepared amplitude of |sr'^|/ if it is a 

regularization of ?pSp e ^'((M\ {0})'^*^'^'"^^) outside the large diagonal in the 
sense of Proposition |lV.3[ i.e., 

V/ E ^((M\ {0})l^(^)l-^) : lim (s^;^,,^,/) = (rf ^,/) , 

and Sp'pj.gp is heterogeneous of finite, non-integer order in n\ {0}. 
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Observe that for |V(r)| = 2 the regularization outside the large diagonal is 
already a regularization in the strict sense of Definition |1.16[ and thus a prepared 
amplitude. Hence minimal subtraction can be applied and leads to a finite regu- 
larization. In the logical framework of Epstein-Glaser one would then define the 
prepared amplitude of the third order and subtract the counterterm, and so on to 
the order one chooses to compute. At each step minimal subtraction is applied 
to a prepared amplitude, but if we want to define the subtraction performed on 
the imrenormalized amplitude, these subtractions will be nested. One aim of this 
chapter is to analyze these nested subtractions. They will be used in Chapter I VII 
to solve the recursion of Epstein-Glaser. A closed expression for the prepared am- 
plitude will then follow immediately from the solution. Thus we can assume here 
that we dispose of a prepared amplitude s^'^^^^- Since s^'^^^^ is a regularization 
by assumption, we can directly apply the analysis of Section lL4l and have that the 
principal part of its Laurent series is a local distribution, 

where we denoted by S'{)^^^^ the space of distributions supported at the origin. We 
infer that 

{rp(sgrep): Cen\{0}} 

is a finite regularization of if Sp and hence 




is a renormalization. To have a name for it, we call pp(sr'pj.gp) and ^piSfp^gp) 
the projected prepared amplitudes. Nested projections will lead to projections in 
different parts of the same graph. The different components of a graph needed for 
the discussion later on will be defined in the following section. 



V.2. Subgraphs and Complements 

Since the method we are analyzing here was originally formulated in momen- 
tum space, where the edges of the graphs carry as label the "momentum flowing 
through this line", it is natural to consider as subgraphs all graphs, which are 
given by a subset of the set of edges. Given a graph F, we call a BPHZ subgraph 
any subgraph 7 £ F given by a subset of the set of edges, £(7) c E(r), and all 
adjacent vertices, 

V{j) = {ve V{Y)\ 3e e £(7) : {e : v) ^ 0} . 

The orientation is inherited from F. See, e.g., for a description of the BPHZ 

procedure within dimensional regularization and minimal subtraction in momen- 
tum space. 

The set of BPHZ subgraphs of a graph F e is a superset to the set of Epstein- 
Glaser subgraphs defined in Section [1V.1.2[ and we can associate to any BPHZ 
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subgraph a unique Epstein-Glaser subgraph. Given a graph Y with BPHZ sub- 
graph 7 ^ r, we define the full vertex part 7 of 7 to be the graph with the same set 
of vertices, ^(7) = V{y), and all lines in T connecting them, 

Eij) = {eeEiT):s{e),i{e)eV{T)}. 

7 obviously is an Epstein-Glaser subgraph. Any BPHZ subgraph, which is not a 
full vertex part, we call a pure BPHZ subgraph. 

For the definition of products of (projected) amplitudes corresponding to dif- 
ferent parts of the same graph T it is important to have the notion of a complement 
of a subgraph. Observe, however, that there are two natural ways to define this 
complement, and both will be of relevance in the sequel. 

Definition V.2 (Complements of a graph). Let T e Q he a graph and G <z F be a 
subgraph. We define the line complement F S G of G in F to be the graph with 

V{T S G) = y(F) and £(F S G) = E(F)\E(G) . 

Furthermore we define the vertex complement F Q G to be the full vertex part with 
vertex set 

y(FsG) = y(F)\y(G), 

i.e., 

E(FQG) = {e 6 E(F)|s(e),t(e) e y(FQG)}. 

Observe that, while the vertex complement F Q G is a full vertex part by defi- 
nition, the line complement is not a full vertex part in the generic case. For the line 
complement the number of lines is preserved in the sense that 

E(F) =E(G)0E(FSG). 

For the vertex complement, on the other hand, the number of lines is not pre- 
served; E(G)uE(F Q G) will be a subset of E(F) in general, because the lines con- 
necting G with F Q G are not considered. We have E(F) = E(G)OE(F Q G) if and 
only if F is multiply connected with G one of its (possibly also multiply connected) 
components. However, the vertex set is preserved for the vertex complement, 

V{T) = y(G)OV(FQG), 

a fact that will be of importance in the discussion of Chapter I VII 

Example V.3. Regard the graph F and subgraph G c F, 

Then the two complements of Definition IV. 2 1 are depicted by 

F S G = and F ® G = • , 

respectively. 
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We will now use the line complement for the definition of minimal subtrac- 
tions at BPHZ subgraphs, and meet the vertex complement again in the next chap- 
ter. 



V.3. MS at Subgraphs and Redundant Projections 

Let 7 <z r be a proper BPHZ subgraph. Then 7 has less edges than P, £(7) £ 
E(r), and it may have less vertices, ^(7) c V{T). Let 

(V.2) C0r,7 : Ml^(ni-i ^ M\v('y)\-i 

be the induced projection (cDr,7 = id, if ViT ) = Viy )). Then the pullback CD^ ^Sj'^ 



exists as a distribution in ^'(mI^(^)I"1), cf. iHor03 , Thm. 6.1.2], and we have that 



(V.3) sf = 4'^^-cDl^si;'^, f^Q+, 

where by the expression on the right hand side we understand the unique hetero- 
geneous extension of the pointwise product of the distributions, as constructed in 
Section HV. 2 1 Let us now regard the same product iV.3\ , when the subgraph part is 
replaced by a projected prepared amplitude, 

(V.4) (1 - Tj^g) s^'^ := Sy^j ■ rp(s?^;^rep) / or Tp^gSp'^ := Sp^-y ■ pp(s?^'|j.ep) / 

respectively. Where the pullback via the projection l|V.2|l is understood, but not 
explicitly written to improve readability. Then we define the product on the re- 
spective right hand sides term by term in the Laurent expansion, i.e., 

(V.5) srH7 • rp(s7;prep) = 2^ /c '^^ ^'rs7 ' <A'^ ' 

and 



(V.6) srs7-PP(4;prep)= E Cj-fd^j^^s^'l^^.cDl/^^, 

where C <z n\ {0} is a small circle around the origin. The product of the dis- 
tributions imder the complex line integral is defined by (|V.3l l for an appropriate 
parameter value ^ and almost all values of ^. Observe also that the extension 
map (m li) is continuous for a homogeneous distribution, in the case the map is 
uniquely defined, cf. Theorem II. 121 The fact that we regard finite sums of homo- 
geneous distributions (i.e., heterogeneous distributions of finite order) does not 
spoil this continuity, and hence the extension of the distribution under the integral 
above commutes with the integration over on e of its parameters. 



In Zimmermann's forest formula |Zim69l. Thm. 3.3], if one reads it as if it was 



formulated in position space with the above definitions, there occur nested projec- 
tions of the form 



(V7) (1 - T^S) (1 _ T^MS) ,M ^ ^ y^^.^^ . rj^s.;.^^p)J , ^ 
Shortly after the publication in 1969 Zimmermann himself realized that not all 
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nested projections of the abo ve form contribute in the limit where the regulariza- 
tion is removed, i.e., ^ ^ | Zim70 |. The projection ^1 — T^^^ in (|V.7l l is redun- 
dant, if G and 7 have the same set of vertices. This, in turn, leads to the fact that 
only Epstein-Glaser graphs contribute to the forest formula. Zimme rmann used 
the Pauli-Villars regularization method to prove this fact in izim76ll . In the mo- 
mentum space version of dimensional regularization and minimal subtraction the 
canceling of spurious terms in the limit has also been observed by Talk, Haufiling, 
and Scheck by calculating explicit examples. Consequently the authors proposed 
an alternative renormalization method i n momentum space, which takes into ac- 
count the spurious subtractions IfHSIOII . 

We want to use Zimmermann's observation as a test of our position space 
dimensional regularization method, and the prescription for minimal subtraction. 
We will see that in position space, i.e., for the nested projection (|V.7|l with the 
definitions given above, Zimmermann's result is a direct consequence of the fact 
that we can write the projection to the regular part, rp, as a W-projection on test 
ftmctions (up to a term of 0{Q), cf. Equation l |I.20t . 



Proposition V.4 (Redundant Projections). Let ^ G he two BPHZ subgraphs of 
T e G with the same vertex set, i.e., 7 is a pure BPHZ subgraph, 

V('y) = y(G) , and £(7) c E(G) . 

The contribution of the pure BPHZ subgraph 7 c F to 



G,prep 



rp 



■ rp(sV, 



prep^ 



vanishes identically in the limit ^ ^ 0. That is, V/ e ^(MI^('>')I 



(V.8) 



lim ( rpfsjl'^ ), f 



lim ( rp 



'GH7 ^rWT/PrepJ 



Proof. The argument of the limit on the right hand side of 
ten using (|I.20|| , 



rp 
(V.9) 



'GS7 ' 



M^irep)] ,f) = (s^'|j^.rp(s?;Jrep),W^S/) +0(0 



Cprep'^G V/ - yCMl 

and we will show in the sequel that the second term in this expression vanishes 
identically for finite ^. 

The principal part pp(s^^'^prep) is a local distribution, supp(pp(s?^'prgp)) = {0}, 
cf. HV.ll l. Hence also the product in the second term of (|V.9t is supported at the 
origin. 



PP(4;prep)'^G'/)+^(0. 



can be rewrit- 



and thus local, s^'^^ • pp(s!^'^) e Sy^^^,,- The degree of divergence of this local 
distribution can be inferred directly from the scaling degrees of the individual 



supp(s^'^^-pp(s!^'^)) = {0}, 
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lines, cf . jUel l and l UIOSl l, 

sd(sf^^ ■ pp(s!;''^)) = |E(G S 7)1 (rf + Re(0 - 2) + |E(7)| (d - 2) , 

div(s^'^ST ■ PP(^T^)) = - 2) - \V{G)\ {d-l) + |E(G S 7)1 MO 

= div(G) + |E(GS7)|Re(0. 

Hence we infer that 



where [-J denotes, as before, Gaufi's floor function. Given div (^s^^^ ■ pp(s?^'^ 
div(G), which is the case if Re(^) < ^g^^^^^^, we have that 

and hence, by the uniqueness property of analytic functions, 

for ^ in a neighborhood of the origin. □ 

As a matter of fact Proposition I V.4I implies only that all forests containing the 
same set of full vertex parts give the same contribution to the sum. Hence it could 
happen that the contributions add up to give multiple contributions to the forest 
formula. However, one can show that of all forests with the same set of full vertex 
parts only one contributes to Zimmermann's formula . The combinatorial argu- 
ment is also given in Zinmiermann's proof in We don't want to repeat 
it at this point, since the result is implied by the forest formula for regularized 
Epstein-Glaser renormalization we will prove in the next chapter. Motivated by 
these results we drop the cumbersome distinction between Epstein-Glaser - and 
BPHZ subgraphs and define a subgraph to be what we called to this point an 
Epstein-Glaser subgraph or full vertex part. 

Definition V.5 (Subgraph). Let T e Q he a graph. We define a subgraph 7 c F to 
be given by a subset of the set of vertices ^(7) c V{T) and all lines in F connecting 
them, 

(V.IO) E(7) = {e 6 E(F) : {s{e),t{e)} cz V{y)} . 

We explicitly allow single vertices as subgraphs, and since there are no tadpoles 
in Q (cf . Section llV.ll l, these one vertex subgraphs will have no lines. Observe that 
also r c r, trivially, is a subgraph. 

V.4. MS for the Time-ordered Product 

Regard the set C/y <z of all graphs with the same set of vertices V, 
gv = {Teg: V{T) = V} . 



V.4. MS FOR THE TIME-ORDERED PRODUCT 



63 



This set gives all graph contributions to the order | V| of causal perturbation theory, 
and C/y(|E|) = Q^, dim(a) = \V\, \a\ = 2\E\, is finite if one regards only the 
contributions up to a given order |E| in ft, cf. Section FlV-ll and Equation (|IV.12|l . 
Assume that we have a prepared amplitude 5^'^^.^^ e ^'(mI^I~^) for all graphs 

r 6 ay(|E|) at any order \E\ of h. Let Sf^'^^^p e ^'(mI^I) be the corresponding 
translation invariant amplitude defined for local functionals in the sense of formal 
power series in h. Then we can write the minimal subtraction operator at order 
I y I of causal perturbation theory on the level of graph amplitudes as, 
(V.ll) 

\v\ ^ fil^^^^^l / ur .\ fid if 1^1 = 1 

Ky(Trip,ep) = E ^^^v(s^'^™,r) with Rv = { 

''^'P p rtg.. Sym(r) \ ^'P'^^p / [-PP if|y|>i. 

Here PP(Sp'pjgp) is the translation invariant analogue of the local distribution 

PPC^riep) e '^'i^irac(lM"'^'^'"') defined above, supp(pp(S{!;^,,p)) e Diag{Ml^(ni). 
We want to apply the corresponding term in the above sum to a tensor product of 
local functionals. Analogous to the discussion in Section lIV.il we get 
(V.12) 

where e ^(M) is a sum of pointwise products of test functions with the field ^. 
Since — pp(Sr prep) i^ supported on the thin diagonal, all functions are evaluated 
at the same point and the expression on the right hand side of l|V.12|l gives a local 
fimctional. We have 

PP(S{^Jrep)''^") ■^loc(M)[[ft]]®l^l - J-loc(M)[[ft]] . 

The fact which establishes the independence of the presented formalism on the 
chosen representation, is that the projection to the principal part, pp, is an oper- 
ation with respect to the parameter Z,, and can be performed outside the brackets 
" (•) ". Actually it was defined like that in Section |L4l Although the evaluation of 
these brackets might look very different, depending on the chosen representation. 
Thus minimal subtraction is really an operation which can be performed directly 
on time-ordered products,and it is sensible to define 

Definition V.6 (Minimal Subtraction Operator on Subsets). For any vertex set V , 
we define the minimal subtraction operator (MS operator) on subsets as 



^^C^lT^^prep) ■- ^ ^\V\ 



id if \V\ = 1 

-PP(<iprep) if|^l>l^ 

where id : .^ioc(lM)[[?i]] ^loci^JJP]] is the identity map on local functionals, 
and 

-PPCT'Jlprep) •^loc(M)[[ft]]®l^l - J-loc(M)[[li]] 
is the local counterterm at order | i | of causal perturbation theory. 



CHAPTER VI 



The Epstein-Glaser Forest Formula 

'What's the sandwich scenario, Mo?' 

'Ham and cheese; ham and tomato; cheese and tomato. ' 

'And ham, cheese and tomato. ' 

'How did you know?' 

'You've never noticed how you group sandwiches into Venn diagrams?' 
'Do I?' 

David Mitchell: Ghostwritten 



It was the principle of covariance, understood as the axiom that all physi- 
cally relevant concepts must have an analogue in (globally hyperbolic) curved 
spacetime, which brought to light the more profound structures of perturbative 
renormalization theory in the investigation undertaken by Brimetti, Diitsch, Fre- 
denhagen, Hollands, and Wald (see references in the introduction) As already 
said in the introduction of this thesis one of the main results of their program 
was the formulation of perturbative Algebraic Quantum Field Theory (pAQFT), 
briefly introduced in Chapter [III In this last chapter we will show that the tools 
of pAQFT and in particular the precise statement of Stora's main theorem of per- 
turbative renormalization, augmented by the results on analytic regularization we 
have gained in the previous chapters will make it possible to solve the recursive 
procedure of Epstein-Glaser renormalization and to prove a forest formula in the 
sense of Zimmermann for Epstein-Glaser renormalization. The result will be in- 
dependent of the chosen representation and will in particular be applicable in mo- 
mentum and in position space. The main theorem of renormalization, wr itten in 
termwise form by using Faa di Bruno's formula for the n- fold chain rule i FdBSsll . 
implies a recursion relation for the minimally subtracted coimterterms to an ana- 
lytically regularized <S-matrbc. This recursion relation will be crucial for the proof 
of the forest formula. 

In 1982 Joni and Rota introduced a bialgebra related to Faa di Bruno's for- 
mula [JRsi- We will use this bialgebra to derive (a summed up version of) the 
Connes-Kreimer Hopf algebra of graphs directly from the main theorem of renor- 
malization. However, in contrast to the Connes-Kreimer approach the Feynman 



The covariance principle was made precise in lBFV03ll . And we want to use this footnote to remark 
that despite its reputation of being conceptually clear but "too far from reality" to have predictive 
power for experiments the algebraic approach and in particular perturbative Algebraic Quantum Field 
Theory has lead to falsifiable predictions in cosmology IDFPOSII . 
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rules will emerge naturally and are not assumed to be characters into the com- 
mutative ring of Laurent series with scalar coefficients. The emergent Feynman 
rules will rather produce linear maps between spaces of (local) functionals. On 
the space of linear maps the construction induces two products, a symmetrized 
tensor product, and a non-commutative product, which is given as the composi- 
tion of linear maps. Both products, as well as the coproduct, need to be reflected 
in the Hopf algebra (of graphs) in order to encode the algebraic structure of the 
recursive construction of counterterms. By giving this derivation we will establish 
the relation of the pAQFT formalism to t he "Hop f algebra school" which was not 



present in the original pAQFT article (cf. |BDF09l. p. 45]) 



After some preliminary remarks on the differential calculus used in this chap- 
ter, we will cite the main theorem of renormalization from [BDF09] in the second 
section. The third section will be devoted to the derivation of a forest formula for 
regularized Epstein-Glaser renormalization from Stora's main theorem. The above 
described Hopf algebra will be constructed in the fourth section of this chapter. 

VI. 1. Preliminaries on differential calculus 

We take the elevator in the hierarchy of differential calculi one floor up and 
want to regard functional derivatives of the «S-matrix, regarded as a map between 
spaces of (local) functionals, 

S ^ exp.^ : Jioc(M)[[ft]] ^ T{Ml[h]] , 

and of the renormalization group transformations Z e to be defined below as 
maps, 

Z: J-io,(M)[[li]]^ Jio,(M)[[?i]]. 
The n-fold derivative of S at the origin 

5(n)(0)(F®n) = ^5(AF) 

gives the n-fold time-ordered product, i.e. the nth coefficient in the series ex- 
pansion of S, cf. Equation (|IV.12) l. The n-fold derivative of Z e 7^ gives the 
counterterm at order n of causal perturbation theory. We will equivalently use 
S^"^ = <S^"' Iq = <S'-"-'(0), and likewise for Z, wherever there is no risk of confu- 
sion. 

The mathematically precise definition of such a differential calcu lus is quite 



involved and a focus of research in analysis llHam82L IKM971 iNeeOSll (taking the 
stairs here, might be very hard). However, it is enough for our purposes to assume 
that a calculus can be defined in such a way that the corresponding differential, 

fulfills the chain - and the Leibniz rule in the sense b elow. A calculus fulfilling 



the chai n rule was defined for locally convex spaces in IINeeOSll . And as shown in 



I BDF091 Sec. 3.1] J-(M) can be endowed with a locally convex topology, defined 
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as the initial topology of the Hormander topology on spaces of distributions with 
conic wave front set. 

Let Z be differentiable at F, and S be differentiable at Z(F), then we want to 
assume that the derivative of their composition is given by the chain rule 



(VI.l) 



(5oZ)W(f) = (5Woz)(F).(zW(f))^^ 



SF' 



6Z_ 



where on the right hand side we have a composition of linear maps, generally 
denoted by " ■ " in this chapter. For the iteration of the chain rule and the proof of 
the n-fold chain rule in Lemma [Vl.41 we will also need that the derivative fulfills 
the Leibniz rule in the following sense, 

(VI.2) (Z®Z)(^) = Z(1)®Z + Z®Z(^). 

We call a map 

Y: J-io,(M)P]]^.F(M)P]] 

analytic (at F), if the nth functional derivative exists for all « e IN as a totally 
symmetric, linear map 

y(")(F) : J-io,(M)[[?i]]®" ^ J'iMlih]], 

and 

(VI.3) y(")(F) : Jioc(M)[[fi]]®" ^ J'locmm] , if c Jioc(M)[[;i]]. 

VL2. The Main Theorem of Renormalization 

An important insight in perturbative renormalization theory is the fact that 
the freedom in the definition of the «S -matrix can b e described in terms of the 
Stiickelberg-Petermann renormalization group jsP53 |. Popineau and S tora t ermed 
this fact the "main theorem of pertttrbative renormalization theory" iPS82ll . One 
can find it, althou gh not under t his name, already in the early liter ature of renor- 
malization theory llGML54llBS59ll . Modern versions are included in IP inOlllGriOlbll . 
The precise statement and p roof of this theorem in the algebraic approach to per- 
turbative QFT ||DF04|, IDFOTiI made it possible to show that the renormalization 
group of Stiickelberg and Petermann p rovides a common basis also to other renor- 
malization groups foimd in literature We will give here a minimalistic 
review of the basic definitions needed to formulate the main theorem of renormal- 
ization in pAQFT. A more detailed summary, including a sketch of the proof is 
contained in Section 4.1 of LBPFO^I . 

The 5 -matrix 



S : 



-^loc(M)[[fi]] 
F 



5(F) = exp.^(F) 

is analytic at the origin, where its derivatives are given by the n-f old time ordered 
products. However, «S is not vmique, but needs to be defined perturbatively by 
renormalization. As shown in iBDF09 1 the prerequisites needed for a definition of 
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S within causal perturbation theory can be expressed directly in terms of proper- 
ties of the 5-matrix itself. Let A,B,F e Jioc(M)[[li]], then S is required to fulfill 
the following conditions, 

[CI] Causality. S{A + B) = 5(A) * 5(B), if supp(A) > supp(B). 
[C2] Starting Element. 5(0) = 1 : (M) ^ 1 e C, 

5(1) (0) = id : J-ioc(M)[[?i]] ^ J-ioc(M)[[fi]]. 
[C3] (p-Locality. The value of 5(F) e J^(M)[[Ji!]] at a given field configuration cpQ 
depends only on the Taylor expansion of f e J^io(;(M)[[?z]] around cpo, 

5(F)(<po) = 5(F[^l)('?>o) + C?(ft^+'), 



^ 1 / 

where f|,^^(^) = X!! Y^"\'Po)'{(p — (Po)'^"') denotes the Taylor expan 



11=0 

sion of F up to order N. 
[C4] Field Independence. 5 depends only implicitly, i.e. via the interaction F, on 
the field configuration. 



While [CI] and [C2] are directly related to the inductive procedure of Epstein- 
Glaser, condition [C3] implies that only finitely many terms will contribute if one 
cuts the perturbative expansion of the 5-matrix at a given order in h, see also 
the discussion at the end of Chapter HV] This makes it possible to regard also 
more general, and in particular non-polynomial interactions F e J-io(.(M)[[li]] in 
pAQFT. Furthermore [C3] implies together with the fourth condition [C4] t he Wick 



expansion formula for the time-ordered product of Epstein and Glaser lEG73ll . 



This is needed to reduce the problem ofrenormalizing 5 to an ex tension problem 



for distributions. See the discussion in lBDF09l Sec. 4.1] and also iKel09l Sec. 4.B] 



The freedom in the definition of the 5-matrix is described by the Sttickelberg- 
Petermann renormalization group TZ. In the framework of perturbative Algebraic 
Quantum Field Theory TZ is the group of analytic maps 

Z: J-io,(M)P]]^ J-lo,(M)P]], 

with composition as group operation, and Z eTZ having the following properties, 
[RGl] Z(0) = 

[RG2] Starting Element. Z(i)(0) = id 
[RG3] Z = id + 0{h) 

[RG4] Locality. Let A, B, C e Jloc(M)[[?i]] with supp(A) n supp(C) = 0, then 

Z{A + B + C)= Z(A + B)- Z(B) + Z(B + C) 

[RG5] (p-Locality. Z(F)(<po) = Z{Fj^J){cpo) + 0{h^+^) 

[RG6] Field Independence. Z depends only implicitly on the field cp, 

A 7 

V(?)6 <f(M) ■j^=0- 
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With these definitions at hand, we can now formulate 



Theorem VI. 1 (Main Theorem of Renormalization, cf. llBDF09l Thm. 4.1]). Given 
two S-matrices S and S satisfying the conditions Causality, Starting Element, cp-Locality, 
and Field Independence, [CI ]-[C4], there exists a unique Z eTZ such that 

(VIA) 5 = 5 o Z . 

Conversely, given an S-matrix S satisfying [CI [-[C4[ and a Z eTZ, then iVIAi defines a 
new S-matrix satisfying conditions [C1[-[C4]. 

We will be interested in this chapter mainly in a special class of scattering 
matrices, which we define now. 

Definition VI.2 (Analytically Regularized «S-matrix). Any scattering matrix, Sk, 
which fulfills the conditions [C1]-[C4] and depends analytically on an additional 
parameter k e D.\ {0} <z C, such that for all n e N, n ^ 2, the n-fold functional 
derivative, 

S["\0) : J-io,(M)[[ft]]®" ^ ^(M)[[?i]], 

is the analytic regularization of a time-ordered product outside the large diagonal 
in the sense of Prop osition II V. 3 [ we want to call an analytically regularized S-matrix. 

(2) 

Observe that the definition implies that the second derivative Sj^ (0) corre- 
sponds to an analytic regularization in the strict sense of Definition 11.161 In the 
functional framework this implies 

pp(5[''(0)) : J-ioc(M)[[ft]]®2 ^ J^,,,{M)m], 

cf. Section EH An example for such an analytically regularized <S-matrix is the 
unique dimensionally regularized <S-matrix 5^,^ of Definition IIV.4I This follows 
directly from its construction, since it was defined using the methods of Epstein- 
Glaser renormalization. However, that <5^,^^ fulfills [C1]-[C4] is also readily seen 
from its perturbative expansion (|IV.121 . And we will take ^ as an example, 
wherever it is necessary to introduce a regularization in the discussion below. 

By the above theorem, the Stiickelberg-Petermann renormalization group acts 
transitively on all «S-matrices fulfilling [C1]-[C4]. Thus, if we want to find a finitely 
regularized <S-matrix <5;,,g,ren which also fulfills [C1]-[C4] we will have to construct 
an element Z^,^ of the Stiickelberg-Petermann renormalization group, such that 

(VI.5) ^}i,^,ren = ° . 

has a limit ^ ^ in the set of <S-matrices. That is 
(VI.6) 5,,,ren := lim (5,,,f o Z^^^g) 

exists in the sense o f forma l power series in h term by term in the perturbative 



expansion; see also 1bDF09, Sec. 5.2]. In Epstein-Glaser renormalization the con- 



struction of these local counterterms, i.e., the perturbative definition of the map Z 
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has to be done recursively, i.e., term by term in the perturbative expansion start- 
ing with the counterterm Z^-^) for S^^\0). There will be a choice involved in each 
step of this recursion and hence it is impossible to express it in an algorithm which 
computes, say, the n'th coimterterm. However, in the case we dispose of a regu- 

(2) 

larization, <5^, the second term, S ^, is a regularization in the strict sense, and 
hence we have a preferred choice for the local counterterm, 

= -PP('5S) ■■ •^loc(M)[[ft]]®2 ^ J^i,,{MlM . 
which renormalizes the time ordered product, 

<U-n'(<i)Hi-PP)<|. 

It will be show in the following section that this preferred choice can be done at 
all orders of perturbation theory in a consistent way, i.e., with local counterterms 
at all orders. This, in turn, makes it possible to solve the recursive renormalization 
procedure of Epstein-Glaser in quite the same way as it was done by Zimmermann 
in 1969 for BPH in momentum space. We will derive from Equation l|V1.5|l a forest 
formula for Epstein-Glaser renormalization which solves the recursive construc- 
tion of counterterms to all orders in causal perturbation theory. We want to remark 
that the choices at all orders are unique in the minimal subtraction scheme, such 
that this leads to a recursive procedure, which, in principle, can also be taught to 
a computer - in contrast to the original Epstein-Glaser method. 

The relation of the presented method to the modern formulation of renormal- 
ization in terms of Hopf algebras will be given in SectionlVTH 



VI.3. A Forest Formula for Epstein-Glaser Renormalization 

Since we will stay in the functional framework throughout the derivation of 
the forest formula, the result will be valid independent of the chosen representa- 
tion, in particular it holds for momentum space as well as position space, what- 
ever is the best suited representation for the regularization. Furthermore, it is 
formulated without regard to the graph expansion of the time-ordered product. 
Partitions will take the place of graphs as the basic combinatorial objects. How- 
ever, analogous to the discussion in Section rv.4l the forest formula for Epstein- 
Glaser renormalization also holds in a gra ph by graph manner, and then implies 
Zimmermann's forest formula of Izim69ll enhanced by his discussion on spuri- 
ous subtractions in izim76ll : see also Proposition lV.4l and the discussion thereafter. 
However, the combinatorial structures used here will make the role of forests in 
Zimmermann's formula even more transparent. 

That a version of Zimmermann's forest formula should also exist in position 
space was observed before. And the assertion is natural considering the common 
origin of BPHZ and Epstein-Glaser renormalization. It has been shown that Zim- 
mermann's Taylor subtractions with respect to external momenta of the graph s 
correspond to the W-projections in the Epstein-Glaser framework iPra99[|PraOoll . 
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Gracia-Bondia and Lazzarini gave a direct translation of this "Taylor surgery" (GB) 
to position space by considering a more general test function space for the "in- 
frared regulators", i.e. the test functions Wa of Lemma 11.71 in fact they allowed 
the Wa to be distributions of the Cesaro type IcBOS , GBL03 1. A translation of the 
complete forest formula to position space was given by Steinmann in the case of 
QED liSteOOil . However, Steinmann's treatment was imsatisfactory in two points. 
First, Steinmann's formulation involves the differentiation of (generalized) func- 
tions at singular points. This was recognized by the author himself and is due 
to the fact that the implicit regularizatior@ of the momentum space framework, 
namely the fact that Zimmermann performs his manipulations on the integral ker- 
nel of the convolution rather than the integral itself, has no counterpart in position 
space. Momentum space convolution corresponds to the pointwise product (of 
distributions) in position space and it is partly due to this implicit regularization 
that momentum space i ntegra ls were introduced in perturbative quantum field 
theory in the first place BBPSTII . Second, Steinmann regards Quantum Electro Dy- 
namics (QED). The fact that QED has only one basic vertex of valence three im- 
plies that there are no graphs with less lines but the same set of vertices so that 
the spurious subtractions do not occur in QED and other theories "of graphical 
f^-type". Consequently, Steinmann's version of the forest formula cannot be con- 
sidered as a complete translation of Zimmermann's forest formula (which treats 
general graphs in Q) to position space. Observe that Zimmermann implements a 
preferred choice for the extension at all orders in perturbation theory by perform- 
ing his Taylor subtractions always at zero external momentum. In order to define 
this rigorously he has to introduce additional maps which conceal part of the un- 
derlying pattern. However, as already remarked above and as will be clear from 
the construction below, such a choice of extension at all orders of perturbation 
theory is indispensable for the solution of the recursive procedure of Bogoliubov, 
Parasiuk and Hepp, or Epstein and Glaser, respectively. We start by exploring the 
termwise structure of the main theorem (Theorem I VI. by applying the n-fold 
derivative to l|VI.4|l . The Faa di Bruno formula arises naturally. 

VI.3.1. Faa di Bruno's form ula. In 1855 Francesco Faa di Bruno proved a for- 
mula for the M-fold chain rule ^FdBSS^. And it is quite appealing that this old 
formula, when applied to Equation l|V1.4|l gives a termwise version of the main 
theorem of perturbative renormalization (Theorem I VI. 11 . Considering the time 
since its first proof, there are quite a few versions of Faa di Bruno's formula in the 
literature today. However, in order to keep the relation to causal perturbation the- 
ory and BPHZ renormalizatio n visib le at all steps in our calculation, a set partition 
version of the form foimd in [Toh02^, p. 219] seems to be the most appropriate. We 
prove here an adjusted version. But let us first give an easy definition, mainly to 
fix notation. 



2 

I hope this is the only spot in the thesis where I use the word "regularization" only in the sense of 
"making things well-defined". 
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Definition VI.3 (Partition, Blocks). By a partition V of a finite set V we mean any 
set of non-empty, disjoint subsets V, cV,i e I, such that 

y = ijvi- , that is, V = {Vi:ieI}, 

iel 

where u denotes disjoint union. We refer to the non-empty, disjoint subsets Vj as 
blocks of V, and denote the set of all partitions of V by PartV. 



We generally consider partitions of the set which corresponds to the set of 
vertices, V{T), in the graphical representation, and in most cases it will be more 
convenient to regard instead the set of numbers {!,...,«}. However, this implicit 
numbering of vertices, is irrelevant for the derivation due to the symmetry of the 
fxmctional derivative briefly introduced in Section lVLlI 



Lemma VI.4 (Main Theorem - termwise). Let S : I'ioc{M)[[n]] F(M)[[n]] be an 
S-matrix fulfilling conditions [CI ]-[C4] and let Z : J^ioci^WU ^ •^loc(lM)[M] be an 
element of the Stuckelberg-Petermann renormalization group, Z e TZ. Then the nth term 
in the perturbative expansion of the transformed S-matrix, S = S o Z, is given by 



(VI.7) 



(5oZ)("'(0)= J2 «5*l^l){0)- 



Z(l^l)(0) 



where the sum is over all partitions V of the index set {1, ••• ,n} into \V\ blocks, 
and " ■ " denotes the composition of linear maps. 



(V1.8) J-i„,(M)[[fi]]®" 



-^ioc(M)[[ft]]®l^l '^"""^"^ ' ■^(M)[[ft]]. 



Proof. We prove l|VI.7|l by induction following iiohn2li . For n = 1 we have, 
(5oZ)(i) 



= 5(1) 


.2(1) 


F 


Z(F) 



However, evaluating at F = gives an empty assertion (id = id) due to the starting 
element conditions [C2], [RGl], and [RG2]. The first non-trivial contribution is 
from the second derivative, which we compute explicitly for illustration. 



(5oZ) 



(2) 













.)" 




Z(F) 





5(2) 


.z(i) 


®z(i) 


+ 5(1) 


.Z(2) 




Z(F) 


F 


F 


Z(F) 



where the two terms correspond to the two partitions {{1},{2}} and {{1,2}} of 
{1,2}. Evaluating at f = gives, again by using [C2], [RGl], and [RG2], 

(5oZ)(2)(0) = 5(2)(0) + z(2)(0), 

and Z(2) = (5 o Z)(2) — 5(2) is found to be the counterterm at second order. 
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For the induction step regard the derivative of (|VI.7|| . By (|VI.Hl / (|VI.2|| we get. 













(1) 


5(1^1) 




z(i^i) 


F. 


)l 


= 5(1^1+1) 





®0 


z(i^i) 






lev 




F. 



(VI.9) 



I'eV 



Z(F) 



z(i^'i+i) 



® 



Any partition V of {1, . . .,n +1} can be written in terms of a partition V of 
{1, ...,«} by either adjoining {n + 1} as a block of its own, or by adding {n + 1} 
to one of the blocks in V, i.e., 

V = VKj{{n + l}} or P = (P\{r}) u {J'u {«+!}} , 

for some block I' e V. Thus equation | |VL9| | contains all partitions of{l,...,n + l} 
which can be obtained from V. Evaluating at F = gives the result. □ 



Equation l|VI.7|l describes the action of the Stiickelberg-Petermann group on 
time-ordered products. This action followed directly from the main theorem by 
applying Faa di Bruno's formula. Since Equation (|VI.7| | is not the most cited ver- 
sion of Faa di Bruno's formula, we want to show that it reduces to the more preva- 
lent versions if we evaluate («S o Z) (0) at the n-fold tensor power of one and the 
same interaction functional, F®" e J-ioc(M)[[li]]®". Due to the symmetry of the 
fimctional derivative partitions with identical block sizes will give the same con- 
tribution to («S oZ)^"^(0)(F®"). So the question is: How many of them are there? 
Depending on how one chooses to sort these partitions, one gets the different ver- 
sions of Faa di Brimo's formula. As an example we give one of the derivations. 

Let V 6 Fart{l, . . . , n} be a partition with IV] = k blocks. Let {h, . . . ,h) e 
N*^ denote the sizes of these blocks, l\ + ■ ■ ■ +1]^ = n, li ^ 1. There are " 
possibilities to distribute n elements among k different blocks of specified size and 
orderly However, for a partition the order of the blocks is irrelevant. In a sum 
over the multiindex (/j, . . . , Zj;) e N*^ we thus have to divide by the number of 
permutations of {/i, . . . , Zj-} to reduce it to a sum over all partitions. In total we get 

(VLIO) (5oZ)(")(F®") 



ih^^'^- E f, " , )z('i)(F®'i)®.-.®z(W(F®'^), 



k=l 



which was the starting point in ]FGBV05t| for the derivation of 
(VLll) (5oZ)(")(F®") 



E E 

k^l\i,...,A„ 



Ai! 



■A„! 



-5«. 



1! 



(g)A„ 



(F®"). 



^(/j " z^) denotes the multinomial coefficient, see, e.g., IHHMOSI I. 
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Here A; e No denotes the number of blocks of size I. Equation ||VI.11| | is the ver- 
sion, which is usually cited as Faa di Bruno's formula in the literature, and often is 
the starting point for the introduction of the Faa di Briino bialgebra. We will learn 
more about this bialgebra in Section |VL4l 

VI.3.2. Minimal Subtraction. Regard an analytically regularized «S-matrix, 
e.g., <5j,^. Then Lemma IVI.41 implies a recursion relation for the counterterms 

(n) 

^ in the minimal subtraction renormalization scheme introduced in the previ- 
ous chapter. 

Corollary VI.5 (Recursion Relation for MS Counterterms). In the minimal subtrac- 

(n) 

Hon renormalization scheme (MS), a recursion relation for the counterterms ^ is given 
hy 

(VI.12) z;:^ = -pp E 

7'ePart{l,...,«}\{7^i} \ler / 

The counterterms are local, and all counterterms on the right hand side are of lower order 
than n, since the only partition in Part{l, . . . ,n} with a block containing n elements is 
removed from the sum, Vi = {{!,...,«}}. 

Proof. Using the starting element condition [C2] we get from (|VI.7b , 

VeFart{l,...,n}\{Vi} XleV / 

By assumption Z^ ;^ e 7^ is a renormalization group transformation which renders 
the limit ^ ^ of the left hand side finite, cf . Equation l|VI.61 . Thus the counterterm 

(n) 

Z^ ^ has to subtract at least the principal part of the sum on the right hand side. 

In the minimal subtraction scheme, z|"j^ is fixed by the requirement to remove 

exactly the principal part, hence formula (|VI.12|l . The locality of z|^"^ is implied 
directly by the functional calculus, cf. l|VI.3|l . □ 

The expert readei0 readily recognizes the similarity of | |VI.12| | to the recursive 
formula for the antipode in the Faa di Bruno bialgebra. However, observe that 
there are two products involved in the recursion for the counterterms. The tensor 
product ® and the composition of linear maps " ■ ". What might be obvious for the 
expert, namely that this is a structure which cannot be described by a commutative 
Hopf algebra alone, will be derived "by foot" in Section IVI.41 However, let us 
first give the derivation of a forest formula for the «-fold finitely regularized time- 

(n) 

ordered product S j^^ ^ The forest formula will solve the inductive construction 
of the renormalization group transformation Z^^, which renders «Sj, g j-en = «5f;,f ° 
Z^^ finite (in the sense of formal power series in /i) in the limit ^ ^ 0. 



I assume here that {readers} ^ 0. If you have a proof, please tell me: |kai.johannes.keUer@desy.de| 
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VI.3.3. Derivation of the forest formula. We begin with the definition of a 
forest as it was given by Zimmermann. We will then derive some relations to 
partitions which will motivate the definition of an Epstein-Glaser forest and make 
it possible to give a transparent proof of the forest formula. 

Let us start with Zimmermann's definition, which was contained in izim69ll . 
However, we incorporate directly his results from [Zim76] and will only consider 
subgraphs, which are given by a subset of the set of vertices of a graph T and all 
lines in T cormecting them, cf. Definition lV.51 Zimmermann called such subgraphs 
full vertex parts. Observe that this makes it possible to work directly with the set of 
vertices instead of the set of general graphs or full vertex parts. However, to keep 
the relation to the original definitions transparent, let F e be a graph. 

A T-forest Li is a set of subgraphs 7 c r, such that any two elements 7, 7' e LI 
are non-overlapping, i.e. 

(VI.13) either 7 c 7' or 7' c 7 or 7 n 7' = . 

The empty set is referred to as the empty forest. The notation 7 n 7' = means 
that V{'y) n V{y') = 0, and it follows from the definition of a subgraph (Defini- 
tion lV.51 that then also the sets of edges are disjoint, £(7) n £(7') = 0. A graph 
7 6 U is called maximal if there is no other graph in II containing it. A T-forest 
U is called maximal, if there is no other T-forest containing it. A forest is called 
restricted, if it contains only "divergent graphs", div(7) ^ 0, cf. l|IV.7|l . Note that 
a (Feynman-) graph T has more than one maximal restricted forest, if and only if 
it has overlapping divergences, i.e., at least two divergent subgraphs 7, 7' c. T for 
which dVI.lSt does not hold. Given a forest (J of T and a subgraph G 6 LI, we 
define the set 

LL(G):={7 6LJ:7CG}, 
and note that LI (G) is a G-forest as well as a T-forest. 

Lemma VL6 (Structure of Maximal Torests). Let U be a maximal T-forest. 

(1) With any element G e U,U contains also its vertex complement, T Q G e LL. 

(2) For any graph G e U the set U{G) = {7 e LL : j Q G} is a maximal G-forest. 

(3) The forest U\ {T} is the disjoint union of two maximal forests. IfGeU\ {T} 
is a maximal element, then 

U\{T} = U{G)OU{TGG). 

Proof. |[T]|. Let G e LI, then for any element 7 e LL, we have either 7 c G or 
7 c T ® G. Hence LL u {T Q G} is a forest, and by maximality of LI: T Q G e LI. 

l(2]l. Let LI' be a G-forest properly containing LI(G). Then there is a subgraph 
7' <z G such that 7' ^ LI(G) does not overlap with any of the elements in LI(G). 
Since G e LI it follows that 7' ^ LI is non-overlapping with any element in LI. Thus 
LI {7'} is a forest, in contradiction with the maximality of LI. 

(O follows from ^ and ||2ll. □ 
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The combinatorial result, which leads to the forests formula for Epstein-Glaser 
renormalization, is that we can write (maximal) forests of the kind defined above 
in terms of (complete) sets of partitions of the vertex set. 

Lemma VI.7 (Partitions and Forests). The set of partitions of n elements, 
Part{l, . . . , n}, is a partially ordered set (poset). The partial order is defined by saying 
that Vi is finer than 1^2 (and 1^2 is coarser than Vi), 

if for any block I e Vi there is a block } e 1^2 containing I. (Part{l, . . . ,n}, ^) is 
a complete partial order (cpo) with finest element {{!},...,{«}} and coarsest element 

{{1 «}}• 

Let P c Part{l, ...,«} be a totally ordered subset. We call P maximal, if there is 
no totally ordered subset P' <z Part{l, ...,«} containing P. The union of any totally 
ordered subset P is a forest, 

!J(P):= U 

P'eP 

U(P) is a maximal forest, if¥ is maximal. 

Proof. is reflexive {V ^ V), antisymmetric {Vi ^ Pi a ^ ^ 
^1 = 'Pi), arid transitive {Vi ^ V2 /\ V2 ^ ^ Vi ^ V^), hence a partial 
order. For (Part{l, . . . , n}, ^) to be a cpo, we have to show that any pair V\, V2 g 
Part{ 1 , . . . , n } has a least upper bound Vi u V2 and a greatest lower bound Vi n V2 
in Part{l, ...,«}. The assertion is trivial, if Vi and V2 are related by hence let 
Vl and V2 not be related by "Pi u V2 is the partition where all overlapping 
blocks (cf . | |V1.13t ) are replaced by their union; filled up with the larger blocks of 
either Vi or V2- In V\ n V2 overlapping blocks are replaced by their intersection 
and filled up with the smaller sets of either V\ or V2, see Figure |2l Since Vi u V2 
and Vl n V2 are partitions of {1, ... , n}, we infer that Part{l, . . . , n} is a cpo. 

Regard a totally ordered subset P <z Part{l, . . . , n} and let P e P, then by 
definition Z n / = for all I, / e V. Let V,V' e P be two different partitions, 
V' ¥^ V, then we have either I n J = 0, 1 cz /, or / cJ for any pair {I, J) € V x V' 
since P is totally ordered. Thus / and / are non-overlapping, and !J(P) is a forest. 
Let P be maximal, then it contains {{1, . . . , n}} and {{1} , . ■ . , {w}}, and with any 
partition "P e P it contains all partitions which can be constructed out of V by 
successively dividing any of its blocks into a pair of disjoint subsets. Let I = I1C1I2 
be an index set, then there is no partition Vi of I such that {hth} ^ Vj ^ {/} 
and {Ii,/2} Vi # {I}. Hence the maximal set P can be constructed out of 
{{1, . . .,«}} by the successive division procedure described above. Conversely, 
let Lf be a maximal forest, by Lemma IVI.6I U can be constructed in exactly the 
same way. □ 

We will have to regard in the sequel unions of totally ordered sets of partitions, 
which is non-trivial, since the set union of two totally ordered sets of partitions will 
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Pi U Vi I \ 1 1 

V-y I \ \ 1 \ 1 

v. H \ 1 1 1 

Pi n V2 H \ \ — I 1 \ — I 

Figure 2. Least upper and greatest lower bound of a pair of partitions. 

not be a totally ordered set of partitions, just as the union of forests is not a forest 
in general. 

Definition VI. 8 (Position and Disjoint Union). Let P <z Part{l, . . . , n} be a totally 
ordered set, then we define the position of any element P e P by 

pos(P):= |{P'6P:P^P'}|. 
P 

It is easy to see that poSp(Pc) = 1/ if Vc is the coarsest element of P. 

Let P(I) and P(/) be totally ordered subsets of Parti and Part/, respectively. 
Any subset of 

[VCjV : V 6 P(7) and V' e P(/)} , 

which is a totally ordered set of partitions of I(j J, we call a disjoint union of P(/) 
andP(/). 

Observe that there are forests which do not correspond to a totally ordered 
subset of partitions, e.g., the empty forest or any forest containing just one proper 
subset of {1, . . . , n}. We now come to the defin ition of an Epstein-Glaser forest; a 
similar definition for forests was considered in to establish the relation to 

incidence Hopf algebras. 

Definition VI.9 (Epstein-Glaser Forest). Let V = {1, ...,«} be a (vertex) set. Then 
we call any totally ordered subset F of the set of partitions, F c Part{l, . . . , n}, 
containing the finest partition Vn := {{1} , . • . , {«}} of V, an Epstein-Glaser forest 
(EG forest), i.e., F has the form 

The EG forest containing only Vn we denote by F„ := {Vn}- If an EG forest 
contains the coarsest partition Vi := {{!,...,«}} we call it afull EG forest (full 
forest) and write F. If an EG forest does not contain Vi, we call it a normal EG 
forest (normal forest) and write F. For n = 1 there is just one forest, the one with 
one vertex, and we define this forest to be full. For n > 1 there is a one to one 
correspondence between full and normal forests, given by 

F = Fu{Pi} . 

An Epstein-Glaser forest F is called maximal, if F is maximal as a totally ordered 
set of partitions. 

Corollary VI.IO. Any normal Epstein-Glaser forest F is a disjoint union of at least two 
full Epstein-Glaser forests. If the coarsest partition in F has k elements, then F decomposes 
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H — h 
H — h 



B 



C 



H — h 



I \ — I 

I — \ — \ — I 



1 I 

H — I I — h 



H — I 



Figure 3. The depicted normal forest of AkjBkjC decomposes 
into tree full forests F^, Fg, and F^. Conversely, given the three 
full forests, any composition of them, which preserves the order of 
partitions in each component separately, gives a different disjoint 
union, i.e. a different normal forest of AOBuC. 



into k full forests Fi, . . . , Fj^, ^ 2, and we call F k-fold connected. Conversely one can 
say that F is a disjoint union o/Fj, . . . , F/^ in the sense of Definition \VI.8\ 

(VI.14) F= U ^1- 

ie[l,...,k} 

Iff is the block of the coarsest partition in the full forest F;, then F,- = F(7/). In this sense 
the decomposition (|yi.l4l > o/F is unique. See also Figure\3\ □ 

So far for the combinatorial part, we now have to define the analytic part, 
namely, the minimal subtractions in the blocks of a partition. 

Definition VI. 11 (MS Operator). For any partition V e Part{l, . . . , n} define the 
minimal subtraction operator (MS operator) 

\leV / [ -PP if > 1 , 

cf. Definition|V6l 

This defines the operator — on the whole regularized time-ordered prod- 

(n) 

uct «S„ /. Observe, however, that the above definition implies that we have chosen 
another regularization parameter in each block I of the partition; there is one op- 
erator for each block. To consider all partitions, which possibly contribute to 
the principal part, we will regard the n-fold regularized time-ordered product as 
being regularized in (2) different regularization parameters, one for each pair of 
vertices. This is certainly possible regarding the fact that we have "regularized the 
lines" of each given diagram, i.e. the propagators. At the stage of only one MS 
operator — this consideration is not very important, since the singularities in 
different blocks are independent, anjrway. However, the fact that we can choose 
the regularization parameters freely for any pair of vertices becomes important as 
soon as we want to define products of the MS operators applied to the same reg- 
ularized time-ordered product. Such products occur in the forest formula below, 
and we briefly discuss one example in order to clarify this point. We choose the 
position space representation for convenience. Let Vi ^ V2 be different partitions 
in Part{l, . . . ,n}. Let Ji c J2 be a pair of blocks, /i e "Pi, I2 6 1-^2, and regard a 
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special graph contribution, say S^'^, to «S^"g for simplicity, | V(r) \ = n. Let 7 be the 
full vertex part (in T) to the vertex set /i and let G be the full vertex part of I2, then 
7 (z G. Regard the successive subtraction 



and insert the definition from the previous chapter, cf . ||V.6|| , 



2m Ic ^"+1 



where we had to introduce regularization parameters f and ^' for the subgraphs 
in order to get independent subtractions in all subgraphs. With these remarks 
concerning the regularization, we have for the composition of MS operators corre- 
sponding to related partitions, V ^ T", 



MStMS <;{") 



.lev 



0R| 



where \l' ll\ denotes the cardinality of {/' e : J' <z J}. 

Theorem VI.12 (Forest Formula for Epstein-Glaser Renormalization). Let he 
the minimal subtraction operator of Definition \VI.ll\ and let the product of two MS oper- 
ators corresponding to related partitions be defined as described above. Then 



(VI. 15) 



;(") ._ 



IT 



MS 



FcPart{l,...,i!} \VeW 



:(«) 



-T-n 



gives a finite regularization of the n-fold regularized time-ordered product ^ 
The sum is taken over all Epstein-Glaser forests. The product of the operators is taken in 
the order prescribed by such that the coarsest partition in F stands to the very left. 

Proof. The forest formula implies an expression for the nth counterterm in 
the renormalization scheme of analytic regularization and minimal subtraction. 
We can split dVI.lSI I into a sum over full and normal forests. 



-T 



MS 



pMS 



F WeV 



;(") 



Observe that for n = 1 there are no normal forests, and the first sum is empty. Since 
any forest in the second sum on the right hand side contains the coarsest partition, 
Vi = {{1, . . . , n}}, we can factor out the corresponding MS operator and get from 
[C2], 



F \Ve¥ 



+ Rn 



F \Ve¥ 



We show in the sequel, that 



(VI.16) 



C 



(n) 



Rn 




rMS 



An) 



E 

F \Ver 



MS 
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is the local counterterm of regularized causal perturbation theory in the minimal 
subtraction scheme. That is C^"^ fulfills the recursion relation of Corollary IVI.5I 
We proceed by induction. 

For n = 1 we have by [C2] and the definition of Ri, 

Thus Cj]^ = id : J^ioc(M)[[li]] ^ J^ioc(M)[[ft]] is local, and we can assume that 
cl'^)=z!'horallfc < n. For the induction step we have to show that 



R„ 



I \Ve¥ ) 



En' 



7'ePart{l,...,n}\{r'i} \IeV 



for « ^ 2. By the definition of Rn this is the case, if 



F \PeF / PePart{l,...,n}\{Pi} \/eP ' / 

Regard the left hand side of this equation. Any normal forest is a disjoint union 
of at least two full forests (Corollary [VLTOJ. Hence we can write the sum over all 
normal forests as 

ihs = E E E fn^-T^V^"^ 



fc=2 T"£Part{l,...,«} F=U,=-p/F(J) 
\V'\=k 



The product splits and we get 



(VL18) = E E E 1 -T^r 



k=2 7"ePart{l,...,tt} ]F=y F(7) leV \ Ve¥{I) 
\V'\=k 



The sum over all normal, i.e., multiply connected forests F can be performed by 
summing over all full forests F( J) in its connected components, cf . Corollary lVI.lOl 
And we have to perform the sum in these components, in order to get a well- 
defined expression for 1 IVI.I8I 1, 

= E E E f -^rl 



k=2 7^'ePart{l,...,iz} leV \ Ve¥{I) 

\V'\^k 



(k) (k) 

Inserting the inductive assumption, C^^ ^ = Z^^^ '^\jk < n, gives the desired result 
(Ihs = rhs). □ 

Corollary VI. 13. Let F^, . . .,¥che the maximal forests of the vertex set {\, . . . ,n}. Then 
we can write W1.15\ equivalently as 

(VI.19) s^^,^= E (-ir^f IT (1-7^^)141 

0^{h,...,iy} \P£F,jn-nFi„ ) 

c{l,...,c} 



VI.4. MORE THAN HOPF ALGEBRA 



81 



Proof. This is merely another way of summing up th e contrib utions to | |VI.15| |. 
Multiplying out the factors (l - T^^) gives the result, cf. izim69i Thm. 3.3]. □ 



Corollary VI.14 (EG Forest Formula in terms of graphs). Let T be a graph with n 
vertices, | V(r)| = n. For any partition V 0/ V(r) the action of the MS operator on the 
level of graphs is given by 




-T^s (s^J) := (s^'L) ( 6^ K, „ (stl'^) 1 , where R, 



id ifk = 1 
-pp ifk>l, 

where T/V is the graph with the blocks I e V as vertices and as lines all lines in T which 
connect different blocks ofV. For each block I eV, the graph 7/ is the full vertex part of I. 
-'''^^ denotes the analytically regularized amplitude in any representation (momentum 



or position space). Then the limit 



r,ren 



FcPart{l,...,n} \Ver 




is well-defined and gives a UV finite, i.e., renormalized amplitude. 

Proof. The MS operators are tensor products of the corresponding operators 
on sets (Definition lV.6t and thus linear. Hence the corollary is a direct consequence 
of the discussion given in Section IV41 and the above Theorem lVI.121 □ 

Corollary VI.15 (Prepared Amplitude). Let T be a graph with n vertices, n > 1, i.e., 
{^Sp'^, with a 6 N" and |a| = 2 |E(r)| is a contribution to the n-fold, regularized 
time ordered product 

5g: J-loc(M)P]]®"-.F(M)[[?z]]. 
Then the prepared amplitude to F is given by, 

(VI.20) Sj!;J^ := Y. (-irM (l-T^^)\sf. U 



'r,prep ■- y-^J ii 

VI.4. More than Hopf Algebra 

The investigation of the combinatorial structure of perturbative renormaliza- 
tion theory is a vivid field of research in mathematical physics and for the charac- 
terization of the underlying pattern Hopf algebras, an d in particular the 



Faa di Bruno bialgebra introduced b y Toni an d Rota in 1982 iTR82ll , became more 



and more important in recent years IIFGBOSll . We will show in this last section. 



that there is a more intricate pattern underlying the combinatorial structure of 
renormalization than is described by a Hopf algebra. However, the relation to the 
Hopf algebra of grap hs originally encountered by Connes and Kreimer in BPHZ 



I Kre98llCK0d.lCK01|| an d later by Gracia -Bondia, Lazzarini, and Pinter in Epstein- 



Glaser renormalization IIGBLOOl iPinOObll will become transparent. The attractive 



feature of our derivation is that we can understand the emerging Hopf algebraic 
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Structure as a direct consequence of the main theorem of renormalization (Theo- 
rem |VLT]|. The elements of this Hopf algebra will be differential operators which 
give the time-ordered products, when acting on a «S-matrix, and local countert- 
erms when acting on an element of the Stiickelberg-Petermann renormalization 
group. Hence, in a graphical representation they correspond to sums of graphs 
with the same set of vertices. The Hopf algebra structure for individual graphs 
is regained by linearity. The regularized Feynman rules and the renormalization 
map will appear naturally as soon as one specializes to an analytically regularized 
<S-matrix. This is a major difference to the Connes-Kreimer approach, where the 
Feynman rules had to be put by hand as characters into the commutative ring of 
Laurent series. We will show, however, that the recursion formula for minunally 
subtracted counterterms (|VI.12| |, which was seen to be a direct consequence of 
the main theorem, ca nnot be desc ribed within the commutative Hopf algebra of 



Connes and Kreimer [CKOOllCKOlll 



As a first step we will use the Faa di Brimo Hopf algebra introduced by Joni 
and Rota to derive the conmiutative, non-cocommutative Hopf algebra of graphs 
described briefly above. It will be clear from the given presentation that one needs 
an additional, non-commutative, composition product, to get back the recursion 
formula for the coimterterms (Corollary I VI.5|l . We will sketch in the last section 
how this composition product can be implemented into the Hopf algebra to de- 
scribe algebraically the construction of coimterterms in pAQFT. An interpretation 
of the maps in terms of graph operations will be given in the end. 

VI.4.1. The Hopf Algebra. As shown by Joni and Rota, Faa di Bruno's for- 
mula for the chain rule gives rise to a natura l bialgebra structure, which the au- 



thors called the Faa di Bruno bialgebra llTR82ll . In modern p resenta tions it is often 



introduced as a bialgebra of the coefficients in dVLllll , cf. iFGBOSll . However, to 
keep the correspondence to causal perturbation theory transparent also in this last 
section of the present thesis we regard instead directly the partition version given 



in Lerrmia rVI.4l Apart from that we follow essentially the steps of IFGBOSII as far 
as the Hopf algebra structure is concerned. 

Regard Faa di Bruno's formula l|VI.7|l in the termwise form of the main theo- 
rem of renormalization ('Lemma lVI.4|l . We denote the coefficients by 

a„{S) := 5(")(0) and a„{Z) := Z'^"\0) 

and get 

(VI.21) a„(5oZ)= J2 «|7'|('5)-0«|J|(^)- 

■PeFart{l,...,n} leV 

We want to make the symmetry of the functional derivative explicit here and re- 
placed the tensor product in HVI.7[I by the symmetrized tensor product 

i=l ' crePerm(i:) (=1 
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where Perm(fc) denotes the group of permutations of k elements. Observe that be- 
sides this commutative product (0), there is a second, non-commutative product 
in formula l|VL21)l . Namely, the composition of linear maps 

(VI.22) C : (5) ® O «|^| i^) ^ «|^| (•5) ' O "IJI (^) ' 

leV lev 

cf. l IVLSl . This second product is absent if we regard the coefficients in l|VI.21|l as 
scalars. And we will sketch how to implement this additional non-commutative 
product into the Hopf algebra in the next section. Let us first regard the commu- 
tative part. 

Regard the coefficients flyt in (|VI-21) l as differential operators 

(VI.23) fl/c : 5 flfc(5) = S'^''^ (0) and : Z i-^ fl^(Z) = Z^*^) (0) . 

The operators will produce multi-linear maps on local functionals; with local im- 
age in the case they act on Z e 7?., 

fl,(Z) : J-ioc(M)[[ft]]®'^ ^ ^ioc(M)[[;i]], 

and with possibly non-local image if they act of S fulfilling [C1]-[C4], 

J-ioc(M)P]]®'^^.F(M)P]]. 

Denote by the space of these coefficients aj^. Since the Z^*^) and «S''^' (evalua- 
tion at zero imderstood) are linear maps on tensor products of local fimctionals, 
carries a natural C-vector space structure induced by the C-vector space structure 
on local functionals. As already remarked above, the symmetry of the fimctional 
derivative induces a commutative product on Sj, 

Mq: Sj(g)Sj Sj 

where we set 

(VI.24) {a^Qai){Z):=ak{Z)Qa,{Z), 

and likewise for S. We regard S) as the free, commutative algebra generated by 
the fljt/ ^rid commit the usual abuse of notation by using the same symbol for the 
(symmetrized) tensor product of linear maps on the right hand side of l|VI.24|l and 
the commutative product of the algebra (Jo, O) on the left. It will be clear from the 
context, where we mean which. (Jo, O) is a unital algebra with unit 

1 : Z 1(Z) := id, 1 : 5 1(5) := id, 

where id : -^100(1^ )[[?;]] •^ioc(^)[[^]] denotes the identity map on the space of 
local functionals. We denote the corresponding unit map by 

e: C ^ Sj 
a a 1 . 

We set J3 1 = Sj. Joni and Rota interpreted Faa di Bruno's formula as a coproduct 
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rule for the coefficients aj^ , and we can do exactly the same thing here, by defining 
the coproduct, A : Sj ^ Sj (g)S^, as 

(VI.25) (Afl„):= ^ ( 0«|:| I • 

PePart{l,..,n} \leV / 

It is obvious from l|VI.21t that this coproduct is induced by 

(Afl„) {5®Z) = fl„(5oZ), 

and we break with the tradition of flipping the arguments of Aa„ herejl since, in 
contrast to the chain rule for functions or formal power series with scalar coeffi- 
cients, we have a composition of linear maps with a prescribed order rather than a 
commutative product on the right hand side of Faa di Bruno's formula, cf. I IVI.22b . 
Consequently we have the linear part of the coproduct on the left hand side of ®. 
Equipping Sj with the counit, defined on generators 

e: ^ C 

1 if fl„ = 1 



e{a„) 



else , 



gives the usual commutative, non-cocommutative Faa di Bruno bialgebra, how- 
ever, now interpreted in terms of the functional differential operators l lVI.23t . 

It will be helpful for the construction of the antipode to first discuss the natural 
gradings on As any tensor algebra, f) is graded by the number of factors, 

deg® : Sj ^ N 

Oti«/, ^ deg©(fl,jO---Ofl;,) :=fc. 

That is, can be written as the direct sum 

00 

^ = ^SjQk ^ ^Qk = {ae^: deg®(fl) = k} , ^©^ = C . 

k=0 

Subordinate to this tensor algebra grading is a naturally induced grading of the 
individual fl; e i^©^ given by the order of the derivative (minus one), 

deg"(fl/) :=/-!, 

and we have 

00 

i5Oi = 0i50i , i50i = {fl6i50i:deg^(fl) = «}. 

Observe that deg" -l-l corresponds to the order of derivative of S (or Z) at 
zero. This determines the number of interaction functionals in the argument of 



^see, e.g. page 2 of IfGBVOSII . 

^Two articles by Kastler were very helpful in learning about the relevance of grading and other Hopf 
related topics |KasO0, Kas04]. They are probably not the standard references to be cited at this point, 
however, they contain explicit proofs of the results from Hopf algebra theory needed here. See also 
more standard literature like |Swe69, Abe77]. Since we will not make any connection to more advanced 
structures in algebraic geometry, the given references will fully suffice for the discussion in this section. 
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the corresponding linear map 

an (5) = 5("' (0) : :F,^ (M)[[?i]]®" ^ ^(M)[[?z]] , n = deg^' +1 , 

and hence deg" +1 is the number of vertices of the graphs contributing to the 
graph expansion of •S^"'' (0) = Tn, cf. Equation IIIV.2b . 

This grading by vertex number can be extended to the tensor product io®*^ by 
setting 

k 

deg''(ajt0fl/) :=deg"(flfc)+deg''(fl/), i.e., deg^(fl,j © • • • ©fl/J = ^ Z,- - . 

With this definition also deg'^' is an algebra grading of the algebra ij/ arid we have 

00 

= ^« ' S)n = {a&S): deg'"(fl) = n} . 

«=o 

Furthermore the vertex grading deg*^ is compatible with the coproduct | |VI.25l l, 

deg"(Afl„) = \V\-1+J2 (|/| -1) =n-l VP6Part{l,...,n}, 

lev 

and hence ©, e, A,e) is graded as a bialgebra. The starting element conditions 
[C2] and [RG2], 



(5) = 5(i'(0) =id and fli(Z) = z(i)(0) = id 



imply that ai = 1 and hence is No-graded connected as a bialgebra, i.e., Sjq = C 
(we implicitly identify 1 = 1 © 1 here). It is a well-known fact of Hopfalge- 
bra theory that any No-graded connected bialgebra possesses an antipode [KasOC , 
Prop. 2.7], 

and thus Jo is a Hopf algebra. We will now derive a recursion formula for this 
antipode. By definition, the antipode ^ of a Hopf algebra is the inverse of the 
identity with respect to the induced convolution product on the Hopf algebra au- 
tomorphisms Aut(io). The convolution product on Aut(io) is induced by the prod- 
uct and coproduct on ^, we denote it by 

(p®xp := Mqo {(p(^^p) o A, (p,xp e Aut{Sj) . 

It is a standard computation to prove that 

e oe : ^ ^ 

defines a unit in the algebra (Aut(io),@). A similar computation will be done 
below for the second product on the Hopf algebra, so we leave it out here. The 
antipode of an No-graded connected bialgebra can then be constructed directly 
from its defining condition, 

idfl ®A = eoe. 
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We have 



Mq o {idsj ® A) o A{a„) -- 
E «|P|0(0-4(«|/|)) = 

PePart{l,...,n} \leV I 

since, in particular, A is an algebra homomorphism. From the case n = 1 we 
get A{ai) = 1, and since there is only one partition of {1, ... , n} with one block, 
Vi = {{!,...,«}}, we infer by connectedness of io, i.e., by fli = 1 that 




(VI.26) A{an) = - E «|P|0 0-4(«|/|) 

7'ePart{l,...,n}\{Pi} \ler / 



Observe the similarity to the recursion for the counterterms in Corollary IV1.51 
However, observe also that the composition structure of IIVI.12b is completely ab- 
sent in l lVI.261 1. This is no problem, if we regard the Feynman rules as characters 
of (fj, O) into a commutat ive ring of Laurent series with scalar coefficients, as it 



was done in ICKOO 



CK01|] . We want to emphasize the relation of the Hopf alge- 



bra (^5, 0, e. A, e, ^) to the Connes-Kreimer Hopf algebra of graphs. The elements 
of f) are differential operators whose order is determined by the vertex grading 
deg''. By implementing the graph expansion I|1V.2|| . the elements ai^ e can be 
interpreted as sums over graphs with the same set of vertices. By linearity of the 
maps and the fact that only finitely many graphs contribute to the perturbative ex- 
pansion at a given order of h, [C3], we can break the Hopf algebra structure down 
to the level of graphs. However, since the structure for the algebraic construction 
of counterterms is not complete yet, we will give a more detailed account of this 
interpretation only at the end of the next section. 

The fact that we found the Hopf algebra structure in the sums of graphs is in 
accordance with the results of Brouder and Frabetti, who foimd in different exam- 
ples (including gauge theories) that Connes and Kreimer's Hopf algebra structure 
is preserved whe n one sums up the g raph cont ribution s at certain orders or per- 

Brouder and Frabetti, in 



turbation theory BBFOOb 



BFOl 



FraOZy, see also 



ivS07all . 



collaboration with Krattenthaler and Menous, respectively, also observed the rela- 
tion to the Faa di Bruno Hopf algebra |BFK06.. BFMQ9] , however, the relation to the 



DF07 



BDF09I] 



main theorem of perturbative renormalization as proven in I.DF04 , 
was, to the best of my knowledge, unobserved before. 

We will now incorporate the non-commutative composition structure into the 
commutative Hopf algebra [Sj, Q, e, A, e. A) constructed above. 



VI.4.2. Algebraic Construction of Counterterms. In contrast to the Connes- 
Kreimer approach to renormalization, in our approach the Feynman rules are nat- 
urally induced as evaluation maps of the differential operators fl„ e S). The basic 
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evaluation operator, which gives the n-f old time-ordered product, and thus corre- 
sponds to the Feynman rules is given by 

f eyn : a„ ^ a„{S) = S^"^ = V . 

The image of f eyn is a multi-linear map between spaces of (local) functionals. 
On linear maps there are two natural products, one is the (symmetrized) ten- 
sor product discussed above, and the other is the composition. Composition of 
linear maps is a non-commutative operation in the generic case, and as a conse- 
quence it is impossible to derive the action of the counterterms Z(") on the time- 
ordered products •S*^"-' described by Lemma|VL4]from the commutative Hopf alge- 
bra (9), 0, e. A, e, ^) alone. Regard once again the expression given in the lemma, 

(5oZ)(")(0)= E 5(1^1^(0)- fo 

P£Part{l,...,«} \IeV 

and observe that we need both, the commutative product © and the 
non-commutative composition " • ", as well as the coproduct A for defining the 
action of Ti. on itself and on the set of <S-matrices term by term in an algebraic 
fashion. 

We want to incorporate the composition as an additional product in the com- 
mutative, non-cocommutative Hopf algebra constructed above, 

(i0,O,e,A,e,^) 

with generators flj- e i^, e N. We define a map 
induced by the composition of linear maps (|VI.22) l. 

Ciak^Qai.) = ak©Qai., with L^t© Q «/, (Z) := fl/c(Z) • Q ■ 

Observe that the application on <S is ill-defined in the generic case, since the deriva- 
tives S^"^ do not have local images for n > 1. The composition product © can 
be seen as (the dual of) the termwise group action of the Stiickelberg-Petermann 
group on itself. We implement compatibility with the vertex grading by defining 

k k 

deg^K© O %) ■■= deg^K) + deg^(0 %) 
1=1 (=1 

= k-l + f^{l,-l) = {^k-l, 

! = 1 ! = 1 

and with the Hopf algebra unit 

l©fl/c = flfc©l = fl/t/ 

in accordance with [RG2]. The product is also compatible with the coproduct, in 
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the sense that we can define another convolution on Aut(i^), 

(p'c^p := Co {(p0ip)o A. 

We check that e o e is a (both sided) identity for this convolution, 

(eoe.ci/;) (flfc) = eoe(a\p^©xl;{Qam) 
7'ePart{l,...,fc} leV 

E Vui©'/'(0«iii) 

7'ePart{l,...,fc} leV 
= Wk), 

where ^[^pj,! is the Kronecker-^. Observe that \'P\ = 1 implies V = {{1,. . 
Conversely we get 

VePait{l,...,k} lev 

E '/'(«|P|)©0<^|/|,1 
7'ePart{l,...,fc} lev 

= H'^k) ■ 

Here the result is obtained since \I\ = 1 VJ e P implies V = {{1} , . . . , {k}}. We 
define the Z-Feynman rules, 

feynz(fl,) := «,(Z) = 2^(0) : 7-ioc(M)[[/z]]®*^ ^ J^ioc(M)[[;z]] . 

These are algebra homomorphisms with respect to both algebra products, 

feynz : (i3,0) ^ (Lin,0) and f eyn^ : (i^, ©) ^ (Lin, •) , 

where we denoted by Lin the space of multi-linear maps between spaces of local 
functionals. We get at order n of causal perturbation theory the firvite renormal- 
izations, the changes of renormalization scheme, or the action of the Stiickelberg- 
Petermann renormalization group on itself, 

(feynz^ -C f eynzj («„) = E 4"^^^ ' ( 04'''M • 

VePart{l,...,n} \leV J 

Let us compute the right sided antipode of the convolution "c, 

id^ •cAc{an) = eoe{a„) 

E a^v\©Ac{Q a^ii) = S„,i 
VePaTt{l,...,n} leV 

From n = 1 we get Ac{ai) = 1- Furthermore we get from the connectedness of the 
Hopf algebra, i.e., from ai = 1, 

^c(fln) = - E «|7'|©-^c(Oa|J|)/ 

VePaTt{l,...,n}\{Vi} leV 
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where, as before, Vi = { { 1, . . . , n} } . Observe the similarity to the result of Connes- 
Kreimer in the commutative case, i.e., the recursion formula | |VI.26l l for the an- 
tipode A. And observe the difference, the composition product ©. The aug- 
mented Hopf algebra 

(i5,0,e, A,e,(c),Ac) 

constructed above can be interpreted as the algebraic dual of the Stiickelberg- 
Petermann renormalization group. We want to discuss now the action of this 
algebraic dual on the (regularized) time-ordered products, and its relation to the 
original formulation of the Connes-Kreimer theory of renormalization. 

Given the nice circumstance that we have a preferred renormalization pre- 
scription at all orders of perturbation theory as it is provided by any analytic reg- 
ularization of the «S-matrix combined with minimal subtraction. Then we define 
the regularized Feynman rules as 

f eyn^,j(fl,) := a,(5,,f) = 5« : J-ioc(M)[[ft]]®'= - ^{MW]] . 

Since the derivatives of <5^^ have non-local images in the generic case, we have 
that, in contrast to the Z-Fe3mman rules above, the regularized Feynman rules 
carmot be iterated. This is reflected in the algebraic setting by the fact that the 
regularized Feynman rules are algebra homomorphisms with respect to G, but 
not with respect to ©, 



Following the idea of Kreimer |Kre99|| . we define 



where R denotes minimal subtraction, i.e., the "renormalization map", 

I id for k = 1 



Assuming that R is only applied to prepared time-ordered products, we have that 
^(•^/ff ) ^ multi-linear map from local functionals to local functionals, and then 
R o f eyn^ ^ defines an algebra homomorphism of {Sj,Q,©) with respect to both 
products 



k 



That R is applied only to prepared time-ordered products is guaranteed by the 
recursive definition of the antipode. In particular R itself is a homomorphism 
of the s ymmetrized tensor product Q, which makes the Rota-Baxter argument of 



I Kre99| redimdant in the presented framework (see Remark rVI.16l below). We infer 



that Ms ''^ algebra homomorphism 



4rs''^:(iO,0)-(Lin,0). 
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We have that ms ' i'^l ) = id/ the identity on local functionals, and for n > 1, 



VePan{l,...,n}\{Vi} leP 

This is just the recursion formula we got for the counterterms (|VI.12| | by applying 
the minimal subtraction condition to the main theorem of renormalization in the 
form of Lemma IVI.4I Observe that one loses the information on the product © if 
one regards the amplitudes, or regularized time-ordered products as elements in a 
commutative ring of Laurent series, only. However, similar as in Connes-Kreimer 
theory of renormalization, we can define the algebra homomorphism 

(VI.27) -AS''^ = f eyn,,, .c ^Ss'''^ 

which gives the finitely regularized «-fold time ordered product, when applied to 
a generator fl„ e S), 

(VI.28) AZ7Han) = S'^l^^. 

However, although (|V1.27|| gives the correct result in the general case, i.e., for ar- 
bitrary local interactions, this is merely a compact notation for the successive sub- 
traction of coimterterm s in the sense o f BPH rather than a forest formula in the 
sense of Zimmermann llZim69l, IZim76ll or Theorem IV1.12I Solving the recursion 
would be equivalent to giving a closed formula for the character Aq rg^' ^ in I IV1.28l l. 
This was done in Section|VL3j although not in this abstract algebraic setting. After 
the remark on Rota-Baxter maps, we give a graphical interpretation of the maps 
constructed above. 

Remark VI. 16 (Rota-Baxter Maps). For the reader, less familiar with the "Hopf 
algebra school" in renormalization theory, we probably have to remark here that a 
linear map fulfilling the algebraic relation 

(V1.29) R{a)R{b) = R [R{a)b] + R [aR{b)] - R{ab) , 

is called a Rota-Baxter map of weight one. Examples of such maps are the projections 
in a Birkhoff sum, i.e., an algebra which splits into a direct sum of algebras, both 
closed under multiplication, 

A = A+®A-. 

The Laurent series with scalar coefficients are elements of a Birkhoff sum. It is 
straight forward to show the above claim that any linear projection in a Birkhoff 
sum, which projects to one of its components is Rota-Baxter of weight one. Denote 
byfl^-l-fl^ 6 A+@A^ the elements of a Birkhoff sum, then by linearity and the 
fact that the components are closed imder multiplication we have 

[{a+ +a-) {b+ +b-)y = [a' b+ + a+ b']' + a' b' 

= [a~b^ +a~^b~ +2a~b~]^ -a~b~ 

= [a^b] + [ab^] —a^b^. 
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Following a suggestion by Brouder, Kreimer used this property for the projection 
to the princip al part of a Laurent series in order to solve the "multiplicativity con- 
straints", see |Kre99l, Sec. 3]. Kreimer's "multiplicativity constraints" were origi- 
nally formulated to have the map 

pp o ^ o ^ : (io, O) ^ £^ , 

defined as a character of the commutative Hopf algebra to the ring of scalar Lau- 
rent series £. (p : ^ C denotes the character which induces Kreimer's (regu- 
larized) Feynman rules, A is the antipode of the commutative Hopf algebra, and 
pp : £~is the projection to the principal part. Kreimer was able 

to show that the Rota-Baxter condition implies the multiplicativity of Ro (p o A 
(Prop. 2, loc. cit.). More advanced topics related to Rota-Baxter algebras in Physics 
an d Mathe matics partially induced by Kreimer's observation can be found, e.g., 
in IeFGOtI] . 

Observe, however, that in the framework advocated here all maps, and in par- 
ticular R, are homomorphisms of the commutative algebra (55, ©), so that a Rota- 
Baxter argument is not necessary, since any algebra homomorphism, trivially, is a 
Rota-Baxter map of weight one. 



VI.4.3. Graphs. The role of the additional composition product © and an- 
tipode Ac in 

{^,Q,e,h,e,A,©,Ac) ■ 

may become clearer if we break them down to the graph level. This graphwise 
interpretation is regained, if we insert for S its perturbative expansion (|1V.12| |, and 
regard the corresponding operations on the level of the graph contributions. This 
can be done since all maps involved are linear and since by condition [C3] all sums 
are finite at each fixed order of h. Remember that we only regard full vertex parts 
as subgraphs. 

In accordance with the structure of (f), O, e), we regard the abstract algebra of 
graphs with disjoint union u as product and the empty set as unit. Let T e Q 
be a graph with n vertices, hence a contribution to an{S). Let Part'^y(r) be the 
set of all connected partitions of the vertex set of T. By connected partition we 
mean a partition V whose blocks I e V give rise to connected full vertex parts 
7j cz T. We can restrict to connected partitions, since the principal parts of the 
regularized amplitudes corresponding to disconnected graphs vanish. Denote by 
r /V the graph, which has the blocks I e V as vertices and as lines the lines in T, 
which connect different blocks of V. Let 7j, I e P,he the full vertex part of the 
block I e V. Then we can write the coproduct on the level of graphs as 

Ar= J2 r/p®U7:- 

7^eParfy(r) lev 
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Applying the map id^, ® Ac gives 

(id^®^c)°Ar= £ r/p® ij^c(Ti), 

•PEPart^y(r) lev 

which corresponds to (recursively) computing the counterterms for the connected 
subgraphs 7j, e.g., in DimReg+MS. Applying the composition product C, inserts 
the counterterms Aciji) at the vertices of T/V to give one contribution to the 
"renormalized graph", 

idsj»cAc= E r/^©U^c(7i). 

7'ePart"y(r) lev 

It is one of the results of the present thesis that this procedure, performed on the 
level of analytically regularized amplitudes in arbitrary representation (momen- 
tum or position space) leads to finitely regularized, i.e., UV convergent integrals, 
and local counterterms in all orders of perturbation theory. 



Conclusion 



The investigation undertaken for this thesis has shown that the methods of 
dimensional regularization and minimal subtraction can consistently be imple- 
mented into causal perturbation theory in the framework of perturbative Alge- 
braic Quantum Field Theory (pAQFT). This enriches the framework by a renor- 
malization technique, which has a preferred extension at all orders of causal per- 
turbation theory, given the fact one disposes of an analytic regularization of the 
<S-matrix. A concrete form of such a regularization was given in Minkowski po- 
sition space in terms of the dimensionally regularized scattering matrix, «5;/,g- It 
was proven that the incorporation of an analytically regularized «S-matrix makes 
it possible to solve the Epstein-Glaser induction at all orders in perturbation the- 
ory, and the result was given in terms of the Epstein-Glaser forest formula (Theo- 
rem |VL12]|. This result was derived directly from the main theorem of renormal- 
ization and was given in a form which is independent of the chosen representation. 
In particular the derived forest formula is valid in both, momentum and position 
space, whatever space its better suited for the concrete calculation. 

Besides this forest formula, I gave a direct derivation of the Hopf algebra of 
Feynman graphs from the main theorem of perturbative renormalization. This 
Hopf algebra first occurred in the work of Kreimer and Connes-Kreimer in their 
analysis of BPHZ renormalization (Kre98' 'cKod|CKOl|] and was later found also 
in causal perturbation theory IGBLOd PinOOhl . In the present thesis the Hopf al- 
gebra of graphs was derived in a summed up form, i.e. the elements can be re- 
garded as sums over all graphs with the same set of vertices. This is in accordance 



with the findings of MBFOObl IbFOII, iFraOTl lvS07all . The reduced Hopf algebra of 



Pinter with only full vertex parts can be derived by linearity, however, the pure 
BPHZ subgraphs of the Connes-Kreimer approach do not emerge here. This is in 
accordance with the proof of Zimmerm ann tha t pure BPHZ graphs do not con- 
tribute to the renormalized amplitude llZim76n . Although the Hopf algebra of 
graphs emerged as a commutative, non-cocommutative Hopf algebra, we could 
show that it is necessary to augment it with a non-commutative product stem- 
ming from the composition of linear maps in order to get the recursion relation for 
the pAQFT counterterms, which has been derived independently from the main 
theorem. The recursion relation for the counterterms is described algebraically 
as the antipode of the convolution induced by the coproduct and the additional 
non-commutative composition product. A main difference to the Connes-Kreimer 
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theory of renormalization is that in the algebraic setting described here the Feyn- 
man rules emerge naturally from the theory and are not assumed to give Laurent 
series with scalar coefficients. I see applications of these results in three main areas 
of current research in physics, mathematical physics, and mathematics. 

First, physics. The forest formula was proven directly for the time-ordered 
products. However, we also gave a "graph form" of the formula, which could be 
relevant for concrete computations. I want to emphasize, that the combinatorial 
pattern underlying the Epstein-Glaser forest formula is much simpler than the one 
underlying Zimmermann's original version, which is still used in modern compu- 
tations. Spurious subtractions do not occur in the EG forest formula. Although 
the spurious subtractions do not play a role in QED calculations, they do occur in 
Quantum Chromo Dynamics (QCD), since this theory has a four valent vertex. Be- 
sides this, there is a second simplification in the forest formula proven in this work. 
I showed that one can replace the Zimmermann forests of full vertex parts by to- 
tally ordered sets of partitions of the vertex set. This simplifies a lot the intricate 
combinatorics of Zimmermann's forest formula, and might make it possible to im- 
plement the advocated method in an algorithm. This, in turn, is certainly relevant 
for the computation of higher order contributions to the perturbative expansion 
in high energy physics phenomenology. Since the method was proven for any an- 
alytic regularization, also gauge symmetries should be preserved if one chooses 
a regularization which prese rves the se sjnnmetries. This assertion is affirmed by 
the concrete computations of IFHSIOO, however, the case of gauge theories was not 
discussed in the present thesis. 

Second, mathematical physics. The covariant formulation of perturbative Al- 
gebraic Quantum Field Theory makes the formalism applicable also in curved, 
globally hyperbolic spacetimes. Although the construction of the regularized S- 
matrix was done in the present thesis for Minkowski space, the results of the last 
chapter, in particular the recursion relation for the counterterms (Corollary I VLSI 
and the Epstein-Glaser forest formula (Theorem I VI. 12|l were derived in the more 
general, covariant framework. Thus they can be applied directly, given the fact 
that one disposes of an analytically regularized «S-matrix. Considering the con- 
venient properties dimensional regularization has in flat spacetime when it comes 
to gauge theories, one may want to have a similar concept in curved spacetime. 
However, in the construction of the dimensionally regularized <S-matrix in 
Minkowski spacetime we made explicit use of translation invariance, and the 
ch oice of relative coordinates was made using the graph cohomology. As shown 
in ]BF00a|| the wave front set condition on local functionals can be understood as 
a microlocal remnant of translation invariance. However, one has to understand 
better the interplay of this microlocal condition with the graph cohomology in or- 
der to give a direct translation of the results. 

Third, for mathematics. The analysis of algebraic structures is an active field of 



CONCLUSION 



95 



research in pure mathematics which is of interest in its own right. The Hopf alge- 
bra found by Connes and Kreimer in perturbative renormahzation theory affected 
this research on a profound basis, and the relation to the main theorem of per- 
turbative renormahzation and the framework of pAQFT which was established in 
this thesis could possibly be a new seed for research in this field. I showed that it 
is necessary to incorporate an additional composition structure into the Hopf al- 
gebra to have an interpretation for the antipode in terms of minimally subtracted 
counterterms in pAQFT, with the merit of having naturally emerging Feynman 
rules. There are many more intriguing questions about the connection of pertur- 
bative quantum field theory to pure mathematics. Questions about the role of 
multiple zeta values, graph polynomials, shuffle and stuffle products and the like 
in (algebraic) quantum field theory and causal perturbation theory. Such relations 
were est ablished on th e level of examples in the pioneering works of Connes and 
Kreimer jcKOolJcKoi and Bloch, Esnault, and Kreimer [BEKoi]. One might hope 
that the tools developed in this thesis contribute to further investigation of the sug- 
gested relations, and to a better understanding of the relation of the framework of 
perturbative algebraic q uantum field the ory to the more abstract algebraic setting 
of Connes and MarcoUi |CM04ailcM04b|l . 



APPENDIX A 



Solutions of the Modified Bessel equation 

In this Appendix we briefly review the solution theor y of the (modified) Bessel 
equation. The interested reader may want to refer to [SS7(J1 (e.g.) for a more de- 
tailed discussion of the topic. The modified Bessel equatioru 

d^y Idy 1 / , , ,,2 



(A.1) jf2+-,t-Y2[^' + ^ly-'' 

is a second order ordinary differential equation with a regular singular point at the 

origin. That is, (at least one of) the coefficients p{x) of ^ and q{x) of y are singular 

at X = 0, but X p{x) and x-^q{x) are regular in a neighborhood of zero. Let 

00 00 , , 

X p{x) = ^ pnx" = 1 and x^q{x) = ^ q„x" = — ( + j 

be the corresponding Taylor expansions. A differential equation with a regular 
singular point at is solved with the ansatz 

CO 

y = x" J2 ^sx'^ , Co # . 
In order x'^ one finds the indicial equation 

a (a - 1) + poa + qQ = , 

whose roots are called the exponents of the differential equation. In the case of the 
(modified) Bessel equation dA.Hl , we evidently have 

a (a — 1) + a — = (a + v) (a — v) = , 



hence \A.l} has exponents a e {+t/}. It is a straight forward calculation to see that, 
in the case v e C\No, we have cj = and 

(A.2) Cs = 7 r, aei+v}, v e CXNq. 

^ ' (s+a + i/)(s + a-v) ^ ^ " 

This leads to the linear independent set of solutions {l-v, h}, where 



s=0 



^The modified Bessel equation lA.lt is related to Bessel's differential equation by the coordinate trans- 
form X ^ ix. 
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The functions h, and I-v are called modified Bessel function of first kind, they are 
related to the Bessel functions of first kind }v by 

J, = r7,(;x). 

Observe that in the case of integer order, n e Nq, In = I-n, as can also be 
seen from the recursion relations ||A.2|I . This is a general feature of (second order) 
ordinary differential equations with regular singular point. Problems occur, when 
their exponents differ by an integer value. 

A linearly independent set of solutions of dA.lb for arbitrary order can be con- 
structed in the following way. For non-integer order, v e C\No, we replace I-v 
by 

(A.4) Kt. := ^ . , [I-v - Iv] , veC\No, 

evidently giving a linearly independent set of solutions {Iv,Kv} for non-integer 
order. The limit 

K„ := lim Ky 

exists for all integers n e Nq, and {!„, K„} is a complete, linear independent set of 
solutions of l|A.l|l . That {In,^ti\ is linearly independent, also in the case n e Nq 

can be seen by the following argument. Just setting v = n clearly results in the 


0' 



situation S, hence we apply I'Hospital's rule to compute the limit 



TT 

lim Kv = — 



(dvl-v) - dylv 



7Tcos(v7r) 



[{dyl-y) - dyly 



We have seen that Iv{x) ~ fy{x^), with entire analytic functions fv, hence the 
derivatives of ly with respect to v will introduce logarithmic terms, dy {x") = 
ln(x) • x^ , which do not cancel, since fy # f-y for all v ^ 0. 

The introduction of logarithmic terms in the limit v ^ nis not a feature of the 
special choice of Ky but merely a consequence of the singularity structure of the 
(modified) Bessel differential equation at the origin (see e.g. I SS70„ Sec. 1.6]). 
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